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Introduction
What is solidification of binary mixtures?

Rasheed Amer Solidification under the action of Magnetic field 12 November 2009 p. 3



Mixture of Iron and Silicon (Fe-Si)

Figure: This figure is taken from the work of Andrew Fairbank
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Introduction

• From theoretical and numerical point of view:

• e.g., A. Belmiloudi, G. Caginalp, P. Laurencot, J. Rappaz et. al., S. L.
Wang et al., N. Zabara et. al.

• From physical and simulation point of view:

• e.g., D. M. Anderson, C. Beckermann, W. J. Boettinger, G. Cao, L.
Granasy et. al., M. Grujicic, A. Karma, R. Kobayashi, G. B. McFadden,
R. S. Miller, Nabeel Al-Rawahi, J. C. Ramirez, M. Rappaz et. al., X.
Tong, J. A. Warren, A. A. Wheeler.
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Modeling

The evolution equations of flow (using Boussinesq approximation),
concentration, energy and phase-field are derived using these conservation
laws.

ρ0
Du

Dt
= div

(
−∇p + µ

(
∇u + (∇u)tran

))
+ F,

div(u) = 0.

Dc

Dt
= −div (Jc) ,

DT

Dt
= −div (Je) ,

Dψ

Dt
= Mψ

δS(ψ, c , e)

δψ
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Modeling

where

• D
Dt = ∂

∂t + (u · ∇) is the total derivative.

• Jc = Mc∇ δS(ψ,c,e)
δc is the diffusional flux.

• Je = Me∇ δS(ψ,c,e)
δe is the heat flux.

• Mc > 0 and Me > 0 are related to the inter-diffusion coefficients and
the heat conductivity of the substances A and B.

• Mψ = (1− c)MA + cMB .

• S(ψ, c, e) =
∫

Ω

(
s(ψ, c , e)− ε2

2 |∇ψ|
2
)

dx

• ε is the interfacial energy parameter which represents the gradient
corrections to the entropy density.
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Anisotropy and isotropy

In the anisotropic case ε is given by (see e.g., R. Kobayashi)

ε = ε0η = ε0(1 + γ0cos(k0θ))

• γ0 is an anisotropic amplitude.

• k0 is the mode number.

• θ = tan−1 (ψy/ψx), where ψy = ∂ψ
∂y and ψx = ∂ψ

∂x is the angle
between local interface normal and a designated base vector of the
crystal lattice.

and in the isotropic case γ0 = 0 and ε = ε0 becomes a constant.
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Governing equation of the Model
Two Dimensional Isothermal Case

The two dimensional isothermal (TDIA) problem have the form

ρ0
Du

Dt
= −∇p + µ∆u + A1(ψ, c) + b(ψ) (u× B)× B,

div(u) = 0,

Dc

Dt
= div (D(ψ)∇c) + div (A2(ψ, c)∇ψ) ,

Dψ

Dt
= div (γ(η)∇ψ)− A3(ψ, c) + A4(η, η′, ψ)

Initial and boundary conditions are

(u, ψ, c) (t = 0) = (u0, ψ0, c0) in Ω,

u = 0,
∂ψ

∂n
=
∂c

∂n
= 0 on (0,Tf )× Γ,

In the isotropic case (TDII), the operator A4(η, η′, ψ) will be eliminated
and γ(η) will become a constant.
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Theorem (1) (Existence of solution)

Let (u0, ψ0, c0) ∈ L2(Ω), B ∈ B and under certain Lipschitz and
boundedness conditions on the non-linear operators A1, A2, A3, D and b,
there exist a triplet (u, ψ, c) satisfying

(u, ψ, c) ∈ L2 (0,Tf ; V) ∩ L∞
(
0,Tf ; L2(Ω)

)
which is a solution of the problem (TDII).
B =

{
B ∈ L2(Ω)| B1 ≤ |B|2 ≤ B2, B1,B2 ∈ R+

}
⊂ L∞(Q).
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Theorem (2)

Let (u0, ψ0, c0) ∈ H1
0(Ω)× H1(Ω)× L2(Ω), B ∈ B and under the same

assumptions of Theorem 1, there exist a triplet (u, ψ, c) satisfying

u ∈ L2
(
0,Tf ; H2(Ω)

)
∩H1

(
0,Tf ; L2(Ω)

)
,

ψ ∈ L2(0,Tf ; H2(Ω)) ∩ H1(0,Tf ; L2(Ω)),

c ∈ L2(0,Tf ; H1(Ω)) ∩ L∞(0,Tf ; L2(Ω)),

which is a solution of the problem (TDII).
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Theorem (3) (Regularity and uniqueness of solution)

Let (u0, ψ0, c0) ∈ H1
0(Ω)× H2

0 (Ω)× H1(Ω), B ∈ B and under the same
assumptions of Theorem 1, there exist a unique triplet of functions
(u, ψ, c) satisfying

u ∈ L2
(
0,Tf ; H2(Ω)

)
∩H1

(
0,Tf ; L2(Ω)

)
ψ ∈ L2(0,Tf ; H3(Ω)) ∩ H1(0,Tf ; H1(Ω))

c ∈ L2(0,Tf ; H2(Ω)) ∩ H1(0,Tf ; L2(Ω))

which is a solution of the problem (TDII).

where H2
0 (Ω) =

{
v ∈ H2(Ω) | ∂v

∂n = 0 on Γ
}
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Numerical simulation: Error analysis and stability

Time Discretization

• Back-ward difference Euler formula.

• Resulting non-linear fixed point systems are solved by using Newton
method.

Space Discretization

• For flow equations we have used mixed finite elements which satisfy
the InfSup condition (Babuska-Brezis condition).

• For the phase-field and concentration equations we have used finite
elements.

• Linear systems are solved by using Gaussian elimination method.
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Physical constants

Property Symbol Unit Nickel (A) Copper (B)

Melting temperature Tm K 1728 1358

Latent heat L J/m3 2350× 106 1758× 106

Diffusion coeff. liquid DL m2/s 10−9 10−9

Diffusion coeff. solid DS m2/s 10−13 10−13

Linear kinetic coeff. β m/K/s 3.3× 10−3 3.9× 10−3

Interface thickness δ m 5.0× 10−6 5.0× 10−6

Density ρ Kg/m3 7810 8020

viscosity µ Pa · s 23 23

Surface energy σ J/m2 0.37 0.29

Electrical conductivity σe S/m 14.3× 106 59.6× 106

Molar volume Vm m3 7.46× 10−6 7.46× 10−6

Table: Physical values of constants
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Numerical simulation: Error analysis and stability

To study the convergence and stability of the numerical scheme, we have
included the functions Fu, Fψ and Fc on the right hand side of the model
which are calculated analytically by substituting the exact solution in the
model problems (TDIA and TDII). For simplicity, we assume that the final
time is Tf = 1 and the domain is a square region Ω = (0, 1)× (0, 1) in R2.
We have considered the exact solution of our model as

uex(x , y , t) = 4πet−1x2(1− x)2sin(2πy)cos(2πy)

vex(x , y , t) = −2et−1x(2x2 − 3x + 1)sin2(2πy)

pex(x , y , t) = et−1cos(2πx)

ψex(x , y , t) =
1

4
et−1(cos(2πx) + cos(2πy) + 2)

cex(x , y , t) = 8et−1(x2(1− x)2 + y2(1− y)2)
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Test Meshes

To investigate the convergence of numerical scheme, we build a sequence
of five meshes with a decreasing step h with respect to spatial coordinates.
The mesh statistics are given in the following Table.

Domain No. Step size h No. of Elements No. of B. elements

1 0.2 106 5

2 0.15 200 7

3 0.1 434 10

4 0.05 1712 20

5 0.01 42904 100

Table: Mesh Statistics
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Meshes used for convergence study

Figure: Meshes used for convergence study
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Error analysis

Here, we shall present the experiments made to investigate the
convergence of the method for which we postulate that the error estimates
are as under

‖Ψ−Ψex‖L2(Q) ≤ C (τα + hβ1)

‖p − pex‖L2(Q) ≤ C (τα + hβ2)

• Ψ = (u, ψ, c) and Ψex = (uex , ψex , cex).

• For optimal precision τ ≤ hβi , i = 1, 2, with α = 1.

• Three kinds of finite elements are used.

• For velocity and pressure: (P3 − P2, P2 − P1, P1 − P1, ).
• For phase-field and concentration: (P3, P2, P1).
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2D Isothermal-Anisotropic case
Spatial convergence rate

To check the spatial convergence rate, a small time step τ is fixed as
compared to the spatial step size h and we have varied the spatial step size
h (as given in mesh statistics Table).

− β1 in P1 FE β1 in P2 FE β1 in P3 FE

for u 1.9041 2.7664 4.0303

for ψ 1.9625 2.8972 4.0681

for c 1.9632 2.9670 4.1189

Table: Order of convergence β1.

− β2 in P1 FE β2 in P2 FE

for p 2.3462 3.4302

Table: Order of convergence β2.
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Figure: Error Curves of norm L2(Q) for u, p, ψ and c w. r. to h.
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2D Isothermal-Anisotropic case
Temporal convergence rate

To investigate the temporal convergence rate α, a small spatial step h is
fixed and the convergence rate α is computed by varying the time step τ .

- P1 FE P2 FE P3 FE

for u 0.8774 0.9011 0.9152

for ψ 0.9967 0.9821 0.9856

for c 1.0040 0.9792 0.9815

for p 1.0067 1.0032 0.9944

Table: Order of convergence α.
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Figure: Error Curves of norm L2(Q) for u, p, ψ and c w. r. to t.
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Stability analysis

To investigate the stability of our numerical scheme, we have multiplied
the right-hand side terms Fu, Fψ and Fc by a term (1− ε randf ) to create
perturbations in our model equations, where randf is a random function
which takes values in the interval [0, 1] and ε is a parameter which is used
to fix the percentage of the random error. We have performed three types
of tests to check the stability.

• E (Φε − Φex) = ‖Φε − Φex‖L2(Q) where Φε = (uε, ψε, cε, pε) and
Φex = (uex , ψex , cex , pex).

• E (Φε − Φapp) = ‖Φε − Φapp‖L2(Q) where

Φapp = (uapp, ψapp, capp, papp).
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Figure: Random function

Rasheed Amer Solidification under the action of Magnetic field 12 November 2009 p. 24



Stability analysis
2D Isothermal-Anisotropic case

Slope E (Φε − Φex) E (Φε − Φapp)

mu 0.0628 0.0635

mψ 0.1283 0.1347

mc 0.1018 0.1065

mp 1.4877 1.4236

Table: Slopes of Norm E (Φε − Φex) and E (Φε − Φapp).
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Figure: Error Curves of norm E (Φε − Φex).
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Figure: Error Curves of norm E (Φε − Φapp).
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2D Isothermal-Anisotropic case
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2D Isothermal-Isotropic case
Spatial convergence rate

Here we have considered a 2D isothermal isotropic case and present the
convergence and stability results.

− β1 in P1 FE β1 in P2 FE β1 in P3 FE

for u 2.1152 2.7501 4.1783

for ψ 2.0094 2.8001 4.1868

for c 1.9968 2.8449 4.2376

Table: Order of convergence β1.

− β2 in P1 FE β2 in P2 FE

for p 1.8426 2.8381

Table: Order of convergence β2.
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Figure: Error Curves of norm L2(Q) for u, p, ψ and c w. r. to h.
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2D Isothermal-Isotropic case
Temporal convergence rate

- P1 FE P2 FE P3 FE

for u 0.9312 0.8501 0.9100

for ψ 0.9941 0.9377 0.9259

for c 0.9873 0.9554 0.9456

for p 1.0134 0.9512 0.9189

Table: Order of convergence α.
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Figure: Error Curves of norm L2(Q) for u, p, ψ and c w. r. to t.
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Stability Analysis
2D Isothermal-Isotropic case

Slope E (Φε − Φex) E (Φε − Φapp)

mu 0.0628 0.0628

mψ 0.1276 0.1277

mc 0.1021 0.1028

mp 1.4738 1.4913

Table: Slopes of Norm E (Φε − Φex) and E (Φε − Φapp).
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Stability Analysis

Figure: Error Curves of norm E (Φε − Φex).
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Stability Analysis

Figure: Error Curves of norm E (Φε − Φapp).

Rasheed Amer Solidification under the action of Magnetic field 12 November 2009 p. 35



2D Isothermal-Isotropic case

Rasheed Amer Solidification under the action of Magnetic field 12 November 2009 p. 36



Simulation of Dendrite growth
Ni-0.41Cu Mixture

We present here a simulation of the dendrite growth of Ni-0.41Cu mixture
for the 2D Anisotropic Isothermal case for

• Particular case of our model (Warren and Boettinger type Model)

• Our complete model.
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Geometry of the Problem

Initial conditions

• Inside solid initial seed u = 0, ψ = 0, c = 0.472,

• Outside initial seed u = 0, ψ = 1, c = 0.497.

Figure: u = 0, ∂ψ∂n = ∂c
∂n = 0
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Simulations of dendrite growth (Warren and Boettinger
type model)

Figure: Plots of phase-field variable ψ with meshes Left: 128× 128 nodes, Right:
64× 64 nodes.
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(Film Psi.avi)
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FilmPsi1.avi
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Simulations of dendrite growth (Warren and Boettinger
type model)

Figure: Plots of concentration c with meshes Left: 128× 128 nodes, Right:
64× 64 nodes.
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Simulation of dendrite growth (Our model)

Now we shall present the simulation of the dendrite growth for the 2D
Anisotropic-Isothermal model with

Magnetic field

• B=0,

• B= B0√
(2)

(1, 1),

• B=B0 (sin(x), cos(y)) with B0 = 10.
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Figure: Plots of velocity multiplied by phase-field with
B = 0, B = B0√

(2)
(1, 1), B = B0(sin(x), cos(x)) with mesh of 64× 64 nodes.
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Simulation of dendrite growth (Our model)

Figure: Contour plots of velocity multiplied by phase-field.
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(FilmVelpsiMagField.avi)
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Simulation of dendrite growth (Our model)

Figure: Plot of concentration c
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