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@ Sketch of the proof
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Groundwater steady flow

@ We consider an isotropic porous media with constant porosity and
permability a.
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Groundwater steady flow

@ We consider an isotropic porous media with constant porosity and
permability a.

@ We denote by p the hydraulic head and by v the Darcy velocity.
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Groundwater steady flow

@ We consider an isotropic porous media with constant porosity and

permability a.
@ We denote by p the hydraulic head and by v the Darcy velocity.
@ Darcy law v = —Vp together with mass conservation div v =0

yield the steady flow equation:
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Groundwater steady flow

@ We consider an isotropic porous media with constant porosity and

permability a.
@ We denote by p the hydraulic head and by v the Darcy velocity.
@ Darcy law v = —Vp together with mass conservation div v =0

yield the steady flow equation:

div(a(x)Vp(x)) =0 ¥xe D cR?

~+boundary conditions.
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Uncertainty in groundwater steady flow

@ Heterogeneity of the permeablity a, lack of data
~~ stochastic model: the permeability a is a random field a(w, x),
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Uncertainty in groundwater steady flow

@ Heterogeneity of the permeablity a, lack of data
~~ stochastic model: the permeability a is a random field a(w, x),
o the steady flow equation is then:

div(a(w, X)Vxp(w,x)) =0 V¥xe D CRY, wae.

+boundary conditions.
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Uncertainty in groundwater steady flow

@ Heterogeneity of the permeablity a, lack of data
~~ stochastic model: the permeability a is a random field a(w, x),

o the steady flow equation is then:

div(a(w, X)Vxp(w,x)) =0 V¥xe D CRY, wae.

+boundary conditions.

o the homogeneous lognormal model: a(w,x) = &)
where g is a mean-free gaussian field, its law is uniquely determined
by the covariance function supposed to be homogeneous, i.e.

cov(x,y) = Efa(w, x)a(w, y)] = k(llx = y|)-
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Uncertainty in groundwater steady flow

@ Heterogeneity of the permeablity a, lack of data
~~ stochastic model: the permeability a is a random field a(w, x),
o the steady flow equation is then:

div(a(w, X)Vxp(w,x)) =0 V¥xe D CRY, wae.
+boundary conditions.

o the homogeneous lognormal model: a(w,x) = &)
where g is a mean-free gaussian field, its law is uniquely determined
by the covariance function supposed to be homogeneous, i.e.

cov(x,y) = Efa(w, x)a(w, y)] = k(lIx = y|)-

@ Goal: compute the law of p: Q — H(D) i.e. the E[p(p)](x)
in practice, we compute the first two moments, i.e. the functions

E[p](x) and E[p*](x).
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Equation and assumptions

@ D a bounded open C? domain of RY, (Q,F, P) a probability space

@ a:Q x D — R a lognormal homogeneous random field
a(w, x) = e8(“X) where g is a gaussian homogeneous mean-free
random field with cov[g](x,y) = k(||x — y||), k € C*}(R)

@ We look for u : 2 x D — R such that for almost every w

{—div(a(w,.)Vu(w,.)) = f(x) onD
ulw,.) = 0 on dD.

Julia Charrier 24 november 2010Journée d’'équipe d'anz



Proposition

For almost all w, a(w,.) € C%%(D) for any a < 3.

=] F = E E DAl
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Proposition
For almost all w, a(w,.) € C®%(D) for any a < 3. J

Key point of the proof:

Theorem (Kolmogorov)

Let X(w,x) : Qx D C RY — R" be a stochastic process such that there
exists a constants C, p > 1 and € > 0 such that for any x,y € D we have

E[|X(w,x) = X(w,»)[IP] < Clix = y||**<,

then for almost all w, X(w,.) € C%3(D) for any 8 < 5
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Proposition

We can then define for almost all w:

amin(w) = meilr_; a(w, x) and amax(w) = m€a3< a(w, x).
X X

Then € LP(Q2) and amax(w) € LP(Q2) Vp > 0.

_ 1
Amin (OJ)

Key point of the proof:

Theorem (Fernique)

If E is a separable Banach space and X a mean-free gaussian random
variable with values in E, then there exists o > Q such that

E[eo‘”X”fE] < 00,

in particular, for any p > 0, we have E[e?IXll£] < oc.
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Proposition
The equation

{—div(a(w,.)Vu(w,.)) = f(x) onD
ulw,.) = 0 on OD.

admits a unique solution u € LP(Q, H} (D)), Vp > 0.

Proof
For a.e. w, the equation admits a unique solution u(w,.) € H}(D) with
Cp
l[u(w, X) |l 2Dy < am,-n(w)||f”L2(D)'
Therefore .
lullr,m20y) < Collfllz(oy || 7 -
min || Lp(Q)
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Approximation of a

We approximate the random field a(w, x) by a function of x and of N
random variables, i.e. in a finite dimensional stochastic space:

a(w,x) ~ 3(Y1(w), ..., Yn(w), x).
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Approximation of a

We approximate the random field a(w, x) by a function of x and of N
random variables, i.e. in a finite dimensional stochastic space:

a(w, x) ~ a(Y1(w), ..., Yn(w), x).
Why approximate a?

@ It can be used to simulate a: we need only to simulate N random
variables to simulate 3.
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Approximation of a

We approximate the random field a(w, x) by a function of x and of N
random variables, i.e. in a finite dimensional stochastic space:

a(w, x) ~ a(Y1(w), ..., Yn(w), x).
Why approximate a?

@ It can be used to simulate a: we need only to simulate N random
variables to simulate 3.

o It is the first and fundamental step of several numerical methods:
some perturbation-type methods, and mostly the spectral stochastic

methods: stochastic collocation methods and stochastic galerkin
methods.
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Basic introduction to the stochastic collocation method

@ By Doob Dynkin lemma, the solution u of the equation: for a.e. w

{—divx(é(Yl(w),..., Yn(w),x)Vxi(w,x)) = f(x) onD
U(w,x) = 0 on 9D

can be expressed as a function of Y (w) = (Y1(w), ..., Yn(w)) and x,
ie. U(w,x)=1u(Y1(w),..., Yn(w),x).
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Basic introduction to the stochastic collocation method

@ By Doob Dynkin lemma, the solution u of the equation: for a.e. w

{—divX(E(Yl(w),..., Yn(w),x)Vxi(w,x)) = f(x) onD
U(w,x) = 0 on 9D

can be expressed as a function of Y (w) = (Y1(w), ..., Yn(w)) and x,
ie. U(w,x)=1u(Y1(w),..., Yn(w),x).
@ The equation solved by @ is then: for any y = (y1,...yn) € RV

{ —divy(a(y, x) V@i

y,x)) = f(x) onD
o(y, x)

=0 on 0D

~+ deterministic PDE parametrized in RV.
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Basic introduction to the stochastic collocation method

@ By Doob Dynkin lemma, the solution u of the equation: for a.e. w

{—divx(é(Yl(w),..., Yn(w),x)Vxi(w,x)) = f(x) onD
U(w,x) = 0 on 9D

can be expressed as a function of Y (w) = (Y1(w), ..., Yn(w)) and x,
ie. U(w,x)=10(Y1(w),..., Yn(w), x).
@ The equation solved by @ is then: for any y = (y1,...yn) € RV

{—divx(é(y,x)vxﬂ(y,x)) = f(x) onD
u(y,x) = 0 on 0D

~+ deterministic PDE parametrized in RV.
o If Y admits the density p : RN — R, then

E[p(i(w,x))] = [en @(a(y.x))p(y)dy € H'(D) can be approximated
with quadrature rules in RV, i.e. by >°P% Xip(a(yi, x)).
~> the computational cost increases drastically with N.
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Approximation of a
How to approximate a?

@ Let (A, bn)nen be the eigenpairs of the Hilbert-Schmidt operator:

reio) — (x| conaltnn)iindy) < o)
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Approximation of a
How to approximate a?

@ Let (A, bn)nen be the eigenpairs of the Hilbert-Schmidt operator:
feo) — (x- / corlgl(x.)f (1)) € (D)
D
We define, for n € N, Y,(w) fD g(w, x)bp(x)dx.

The (bn)n and the (Y,), are orthonormal
The (Yn)n>1 are independent because g is gaussian.
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Approximation of a
How to approximate a?

@ Let (A, bn)nen be the eigenpairs of the Hilbert-Schmidt operator:

fei2p) — (w [ colellnfnay ) (o)

We define, for n € N, Y,(w) fD g(w, x)bp(x)dx.

The (bn)n and the (Y,), are orthonormal
The (Yn)n>1 are independent because g is gaussian.

@ Then the Karhunen-Loéve expansion of g is:

2005 D) <2
g(w, ) " EO ST\ Aba(x) Ya(w)
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Approximation of a
How to approximate a?

@ Let (A, bn)nen be the eigenpairs of the Hilbert-Schmidt operator:

fei2p) — (w [ colellnfnay ) (o)

We define, for n € N, Y,(w) fD g(w, x)bp(x)dx.

The (bn)n and the (Y,), are orthonormal
The (Yn)n>1 are independent because g is gaussian.

@ Then the Karhunen-Loéve expansion of g is:

2005 D) <2
g(w, ) " EO ST\ Aba(x) Ya(w)

@ We approximate then g by the truncated expansion at order N,

an(w.x) = Sy vAnbi(x) Ya(w).
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@ We define the approximation ay of a:

aN(w,X) — egN(OJ;X) — eZ"N:I \/xbn(X)Y,.( )

- = = ER TN
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@ We define the approximation ay of a:

an(w,x) = e8n(@x) = oMy VAnbn(x) Ya(w)

@ We define the approximation uy of u as the solution of:

— V.(an(w, . )Vuny(w,.)) = f(x)on D
un(w,.) = 0onaD.
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@ We define the approximation ay of a:

an(w,x) = e8n(@x) = oMy VAnbn(x) Ya(w)

@ We define the approximation uy of u as the solution of:
— V.(an(w, . )Vuny(w,.)) = f(x)on D

un(w,.) = 0onaD.

@ Our aim is to estimate the error commited by approximating u by
upy.
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Strong convergence of ay to a

Assumptions:

e the eigenfunctions b, are continuously differentiable with
lbnllco < C and ||Vbyl|loo < Cn? for some a > 0,

® D 1 AnnP < 400 for some b > 0.
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Strong convergence of ay to a

Assumptions:

e the eigenfunctions b, are continuously differentiable with
lbnllco < C and ||Vbyl|loo < Cn? for some a > 0,

® D 1 AnnP < 400 for some b > 0.

Strong convergence of gy to g

@ Kolmogorov theorem yields:
Vp >0, V0 < a < min{b,2a}

llgn — g||Lp(Q,c0([))) < Aap /Z Apn® VN e N.
n>N
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@ Borel-Cantelli lemma yields:

co(D)

=] F = E 2L NGe
Julia Charrier

for almost all w, gy — g and so ay — aas N — +o0.
co(D)



@ Borel-Cantelli lemma yields:

for almost all w, gy — g and so ay — aas N — +o0.
co(D) co(D)

o We define af""(w) = min ay(w, x) and a7 (w) = max ay(w, x) a.s.
xeD xeD

Then Fernique theorem yields that for all p > 0,

1
min

ay

< By and [|ay™|p() < By YN €N.
LP(Q)
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Strong convergence of uy to u

Vp >0, V0 < o < min{b, 2a}

||aN — aHLP(cho(D)) < Ca,p Z )\,,no‘ VN € N.
v n>N
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Strong convergence of uy to u

Vp >0, V0 < o < min{b, 2a}

||aN — aHLP(cho(D)) < Ca,p Z )\,,no‘ VN € N.
n>N
Theorem

Vp >0, V0 < o < min{b, 2a}

||UN - UHLP(Q,H(}(D)) S Fa,p Z )\nn" VN € N.
V n>N
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Weak convergence of uy to u

Theorem

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

[Ewle(u) — SO(UN)]HH(} < C«pz An-

n>N
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Weak convergence of uy to u

Theorem

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

[Ewle(u) — SO(UN)]HH(} < C«pz An-

n>N

Remark: The weak order is twice the strong order.
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Weak convergence of uy to u

Theorem

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

[Ewle(u) — SO(UN)]HH(} < sz An-

n>N

Remark: The weak order is twice the strong order.
Sketch of the proof: We recall that: upy(w,x) = un(Yi(w), ..., Yn(w), x).
For any N, for any multi-index o € NV, and any y € RV, we have

W0 ()l € TN

HY(D) ay™(y) e

aOéUN(}/v X)
dy«

where k|, is a constant independent of N and depending only on the
length of .
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Formally, in the particular case of the expected value, we have:

u(w, x) — uy(w, x)
=u(Y1(w), ..., Yn(w), Yn41(w), ..., x) — u(Y1(w), ..., Yn(w), 0, ..., x)
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Formally, in the particular case of the expected value, we have:

u(w, x) — uy(w, x)
= u(Yl(w) S Y (W), Yusi(w), oy x) — u(Yi(w), ..., Yn(w), 0, ..., x)

= Z Y1 (W), ooy YN(w), 0, ..., x) Yi(w)

I>N
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Formally, in the particular case of the expected value, we have:

u(w, x) — uy(w, x)
= u(Yl(w) S Y (W), Yusi(w), oy x) — u(Yi(w), ..., Yn(w), 0, ..., x)

= Z Y1 (W), ooy YN(w), 0, ..., x) Yi(w)

I>N

1 &

5 2 55 (Y1), e V(). 0, ) Vi (@) V()
itjon SV
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Formally, in the particular case of the expected value, we have:

u(w, x) — uy(w, x)
= u(Yl(w) YN(w), YN+1(w), sy X

= Z Y1 (W), ooy YN(w), 0, ..., x) Yi(w)

) — u(Yi(w), ..., Yn(w),0,...,x)

I>N
1 d%u
3 D -(Y1(w), o, YN (W), 0, ..., x) Yi(w) Yj(w)
itjon SV
1 02
+=3 " S (Vi (@), s YR(@),0, ey %) Vi(w) +
2I>N ayi
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Formally, in the particular case of the expected value, we have:

u(w, x) — uy(w, x)
= u(Yl(w) S Y (W), Yusi(w), oy x) — u(Yi(w), ..., Yn(w), 0, ..., x)

= Z Y1 (W), ooy YN(w), 0, ..., x) Yi(w)

I>N
1 0?
5 2 55 (Y1), e V(). 0, ) Vi (@) V()
i#j>N Yidyj
1 02
+=3 " S (Vi (@), s YR(@),0, ey %) Vi(w) +
2= Oy;

i>N

The independence of the Y; yields:

Elu — uy](x) =0+ = ZE[ Y1(W), oy YN (W), 0, e x) | + ..
i>N
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Example: the 1D exponential covariance case

We take D = (0,1) and cov[g](x,y) = o e 1" where [ is the correlation

length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

202
® An n—::-oo l7r(27n2
e VneN, |bpll < C and ||b}]loc < Cn.
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Example: the 1D exponential covariance case

[x—yl . .
We take D = (0,1) and cov[g](x,y) = 0%~ 7 where [ is the correlation
length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

202
[ ] )\ ~Y — 5
" h—too Im?n?

< C and ||b,]|co < Chn.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun — ullp(@.mi(D)) < FapN 2 VN €N.

Julia Charrier 24 november 2010Journée d’'équipe d'anz



Example: the 1D exponential covariance case

[x—yl . .
We take D = (0,1) and cov[g](x,y) = 0%~ 7 where [ is the correlation
length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

202
[ ] )\ ~Y -— 5
" h—too Im?n?

< C and ||}, ]| < Cn.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun — ullp(@.mi(D)) < FapN 2 VN €N.

Proposition (Weak convergence result)

For any ¢ € C*(R,R) whose derivatives are bounded by a constant C,

B [p () — e(um)]llmg o) < CW )
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=1 and 0=1

EluJ0

an(w, x) for different values of N E[un(x)] for different values of N

here we have [|E[u — un]||2(p) =~ w57
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1=0.1 and 0=1

= ) 1=0.1,0=1
N=2 - =
s

Nes
Nes
N7
oo
Ne12

= / N\ Ne1a A
2 /) 7

EA N

w

E[un(x)] for different values of N, in the case where / = 0.1, o = 1.
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Example: the 2D exponential covariance case

lx=yll
We take D = (0,1)? and cov[g](x,y) = o%e~ " where [ is the
correlation length.

The set of the eigenpairs (\n, bp) is obtained as the tensor product of the
1D eigenpairs.
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Example: the 2D exponential covariance case

lx=yll
We take D = (0,1)? and cov[g](x,y) = o%e~ " where [ is the
correlation length.

The set of the eigenpairs (\n, bp) is obtained as the tensor product of the
1D eigenpairs.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun = ull oo mi (D)) < FapN 2 VN EN.
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Example: the 2D exponential covariance case

B

\
We take D = (0,1)? and cov[g](x,y) = 0c2e~ 7 = where | is the
correlation length.

The set of the eigenpairs (\n, bp) is obtained as the tensor product of the
1D eigenpairs.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun = ull oo mi (D)) < FapN 2 VN EN.

Proposition (Weak convergence result)

For any ¢ € C*(R,R) whose derivatives are bounded by a constant C,, for
any e > 0, we get

Coe
1B [o(u) — o(um)lllmg 0y < ﬁ-

v
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Example: the analytic covariance case

We suppose that cov|g] is analytic on D?, then we have

Theorem (Schwab, Todor)

[ )
1/d
A< ce @™’ ypeN

e for any s > 0 there exists a constant cs such that,

|bnlloe < cs|Anl™* and ||b)|lco < cs|An|™° Vn e N.

We have then strong and weak convergence results, analogous to the
previous results.
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Proposition (Strong convergence result)

Forany0<s<%, and p >0

lu = unllr@m2(p)) < Hsp Z A% YNeN
n>N
therefore

cp(1—2s) d
_%Nl/

VN e N

d—1
l|u— UN||LP(Q,H5(D)) < lgspN2de
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Proposition (Weak convergence result)

For any 0 < s < %, for all ¢ € C*(R,R) whose derivatives are bounded by
a constant C,, we have:

IELe(un) — p()lliy(py < J:Co D A2 YN €N
n>N

therefore

1 1_2sn/
IElp(un) — @(u)lllna o) < KasCoNT e 202Ny e N,
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o Let u,’(, be the approximation of up in a standard linear finite element
space with a regular triangulation 7.

o Forany y € RN, up(y) € H?(D) with
c Il <1+ aﬁax(}’)> <1+ () ||3;\I(y)||L°°(D)).

an™(y) ap™(y) an™(y) an™(y)

lun ()l H2(p) <
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o Let u,’(, be the approximation of up in a standard linear finite element
space with a regular triangulation 7.

o Forany y € RN, up(y) € H?(D) with
[fll2(p) (1 + aﬁax(}’)) ( ) ||a§\,(y)||1_oo(o)>.

an
- - 14
ay"(y) ay"(v)

||UN(y)||H2 D S C min min
) ag™(y) an"(y)

@ Therefore, thanks to Céa lemma and the usual approximation result, we get
h
lun(y) — un(¥)llz o) <

2 () Iflle2 (o) (1 N aﬁfx(y)) (1 L) ||a§v(y_)||L°°(D)> h
5 (y) AR (y) a7 (y) ) Ay
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Proposition
For any p > 0, we have

h
l|un — ”N”LP(Q,H(}(D)) < Cw,ph.
If moreover the eigenfunctions b, € C? and there exists 0 < 6 < 1 such that

> AnllDba 31D ba 132 < o0,

n>1

then the constant Cy , can be chosen independent of N.
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Proposition
For any p > 0, we have

h
l|un — ”NHLP(Q,H(}(D)) < Cw,ph.
If moreover the eigenfunctions b, € C? and there exists 0 < 6 < 1 such that

> AnllDba 31D ba 132 < o0,

n>1

then the constant Cy , can be chosen independent of N.

Proposition (J.C,R.Scheichl,A. Teckentrup)
For any 0 < s <1/2, p> 0, we have

h
Jun — ”NHLP(Q,H(}(D)) < Gph’.
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