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Groundwater steady �ow
We 
onsider an isotropi
 porous media with 
onstant porosity andpermability a.We denote by p the hydrauli
 head and by v the Dar
y velo
ity.Dar
y law v = −∇p together with mass 
onservation div v = 0yield the steady �ow equation:div(a(x)∇p(x)) = 0 ∀x ∈ D ⊂ R

d
+boundary 
onditions.
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 model: the permeability a is a random �eld a(ω, x),the steady �ow equation is then:divx(a(ω, x)∇xp(ω, x)) = 0 ∀x ∈ D ⊂ R

d , ω a.e.
+boundary 
onditions.the homogeneous lognormal model: a(ω, x) = eg(ω,x),where g is a mean-free gaussian �eld, its law is uniquely determinedby the 
ovarian
e fun
tion supposed to be homogeneous, i.e.
ov(x , y) = E[a(ω, x)a(ω, y)] = k(‖x − y‖).

Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Un
ertainty in groundwater steady �owHeterogeneity of the permeablity a, la
k of data
 sto
hasti
 model: the permeability a is a random �eld a(ω, x),the steady �ow equation is then:divx(a(ω, x)∇xp(ω, x)) = 0 ∀x ∈ D ⊂ R

d , ω a.e.
+boundary 
onditions.the homogeneous lognormal model: a(ω, x) = eg(ω,x),where g is a mean-free gaussian �eld, its law is uniquely determinedby the 
ovarian
e fun
tion supposed to be homogeneous, i.e.
ov(x , y) = E[a(ω, x)a(ω, y)] = k(‖x − y‖).Goal: 
ompute the law of p : Ω → H1(D) i.e. the E[ϕ(p)](x)in pra
ti
e, we 
ompute the �rst two moments, i.e. the fun
tions

E[p](x) and E[p2](x).Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Equation and assumptions
D a bounded open C2 domain of R

d , (Ω,F ,P) a probability spa
ea : Ω × D̄ → R a lognormal homogeneous random �elda(ω, x) = eg(ω,x) where g is a gaussian homogeneous mean-freerandom �eld with 
ov[g ](x , y) = k(‖x − y‖), k ∈ C0,1(R)We look for u : Ω × D → R su
h that for almost every ω

{

−div(a(ω, .)∇u(ω, .)) = f (x) on Du(ω, .) = 0 on ∂D.
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PropositionFor almost all ω, a(ω, .) ∈ C0,α(D̄) for any α < 12 .
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PropositionFor almost all ω, a(ω, .) ∈ C0,α(D̄) for any α < 12 .Key point of the proof:Theorem (Kolmogorov)Let X (ω, x) : Ω × D ⊂ R
d → R

n be a sto
hasti
 pro
ess su
h that thereexists a 
onstants C , p > 1 and ε > 0 su
h that for any x , y ∈ D we have
E[‖X (ω, x) − X (ω, y)‖p ] ≤ C‖x − y‖d+ε,then for almost all ω, X (ω, .) ∈ C0,β(D̄) for any β < ǫp .
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PropositionWe 
an then de�ne for almost all ω:amin(ω) = minx∈D̄ a(ω, x) and amax(ω) = maxx∈D̄ a(ω, x).Then 1amin(ω) ∈ Lp(Ω) and amax(ω) ∈ Lp(Ω) ∀p > 0.Key point of the proof:Theorem (Fernique)If E is a separable Bana
h spa
e and X a mean-free gaussian randomvariable with values in E , then there exists α > 0 su
h that
E[eα‖X‖2E ] < ∞,in parti
ular, for any p > 0, we have E[ep‖X‖E ] < ∞.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



PropositionThe equation
{

−div(a(ω, .)∇u(ω, .)) = f (x) on Du(ω, .) = 0 on ∂D.admits a unique solution u ∈ Lp(Ω,H10 (D)), ∀p > 0.ProofFor a.e. ω, the equation admits a unique solution u(ω, .) ∈ H10 (D) with
‖u(ω, x)‖H10 (D) ≤

CDamin(ω)
‖f ‖L2(D).Therefore

‖u‖Lp(Ω,H10 (D)) ≤ CD‖f ‖L2(D)

∥

∥

∥

∥

1amin∥

∥

∥

∥Lp(Ω)

.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Approximation of aWe approximate the random �eld a(ω, x) by a fun
tion of x and of Nrandom variables, i.e. in a �nite dimensional sto
hasti
 spa
e:a(ω, x)  ã(Y1(ω), ...,YN (ω), x).
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Approximation of aWe approximate the random �eld a(ω, x) by a fun
tion of x and of Nrandom variables, i.e. in a �nite dimensional sto
hasti
 spa
e:a(ω, x)  ã(Y1(ω), ...,YN (ω), x).Why approximate a?It 
an be used to simulate a: we need only to simulate N randomvariables to simulate ã.It is the �rst and fundamental step of several numeri
al methods:some perturbation-type methods, and mostly the spe
tral sto
hasti
methods: sto
hasti
 
ollo
ation methods and sto
hasti
 galerkinmethods.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Basi
 introdu
tion to the sto
hasti
 
ollo
ation methodBy Doob Dynkin lemma, the solution u of the equation: for a.e. ω

{

−divx(ã(Y1(ω), ...,YN (ω), x)∇x ũ(ω, x)) = f (x) on Dũ(ω, x) = 0 on ∂D
an be expressed as a fun
tion of Y (ω) = (Y1(ω), ...,YN (ω)) and x ,i.e. ũ(ω, x) = ū(Y1(ω), ...,YN (ω), x).
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N

{
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 PDE parametrized in R
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ation methodBy Doob Dynkin lemma, the solution u of the equation: for a.e. ω

{

−divx(ã(Y1(ω), ...,YN (ω), x)∇x ũ(ω, x)) = f (x) on Dũ(ω, x) = 0 on ∂D
an be expressed as a fun
tion of Y (ω) = (Y1(ω), ...,YN (ω)) and x ,i.e. ũ(ω, x) = ū(Y1(ω), ...,YN (ω), x).The equation solved by ū is then: for any y = (y1, ...yN ) ∈ R
N

{

−divx(ã(y , x)∇x ū(y , x)) = f (x) on Dū(y , x) = 0 on ∂D
 deterministi
 PDE parametrized in R

N .If Y admits the density ρ : R
N → R, then

E[ϕ(ũ(ω, x))] =
∫

RN ϕ(ū(y , x))ρ(y)dy ∈ H1(D) 
an be approximatedwith quadrature rules in R
N , i.e. by ∑pNi=1 λiϕ(ū(yi , x)).

 the 
omputational 
ost in
reases drasti
ally with N.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Approximation of aHow to approximate a?Let (λn, bn)n∈N be the eigenpairs of the Hilbert-S
hmidt operator:f ∈ L2(D) 7−→
(x 7→

∫D 
ov [g ](x , y)f (y)dy)

∈ L2(D)
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∈ L2(D)We de�ne, for n ∈ N, Yn(ω) = 1√
λn ∫D g(ω, x)bn(x)dx .The (bn)n and the (Yn)n are orthonormal.The (Yn)n≥1 are independent be
ause g is gaussian.
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Approximation of aHow to approximate a?Let (λn, bn)n∈N be the eigenpairs of the Hilbert-S
hmidt operator:f ∈ L2(D) 7−→
(x 7→

∫D 
ov [g ](x , y)f (y)dy)

∈ L2(D)We de�ne, for n ∈ N, Yn(ω) = 1√
λn ∫D g(ω, x)bn(x)dx .The (bn)n and the (Yn)n are orthonormal.The (Yn)n≥1 are independent be
ause g is gaussian.Then the Karhunen-Loève expansion of g is:g(ω, x) L2(Ω×D)

=

+∞
∑n=1 √

λnbn(x)Yn(ω)We approximate then g by the trun
ated expansion at order N,gN(ω, x) =
∑Nn=1√λnbn(x)Yn(ω).Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



We de�ne the approximation aN of a:aN(ω, x) = egN(ω,x) = ePNn=1 √λnbn(x)Yn(ω).
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We de�ne the approximation aN of a:aN(ω, x) = egN(ω,x) = ePNn=1 √λnbn(x)Yn(ω).We de�ne the approximation uN of u as the solution of:
−∇.(aN(ω, .)∇uN(ω, .)) = f (x) on DuN(ω, .) = 0 on ∂D.

Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



We de�ne the approximation aN of a:aN(ω, x) = egN(ω,x) = ePNn=1 √λnbn(x)Yn(ω).We de�ne the approximation uN of u as the solution of:
−∇.(aN(ω, .)∇uN(ω, .)) = f (x) on DuN(ω, .) = 0 on ∂D.Our aim is to estimate the error 
ommited by approximating u byuN .Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Strong 
onvergen
e of aN to aAssumptions:
• the eigenfun
tions bn are 
ontinuously di�erentiable with

‖bn‖∞ ≤ C and ‖∇bn‖∞ ≤ Cna for some a ≥ 0,
• ∑n≥1 λnnb < +∞ for some b > 0.
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Strong 
onvergen
e of aN to aAssumptions:
• the eigenfun
tions bn are 
ontinuously di�erentiable with

‖bn‖∞ ≤ C and ‖∇bn‖∞ ≤ Cna for some a ≥ 0,
• ∑n≥1 λnnb < +∞ for some b > 0.Strong 
onvergen
e of gN to gKolmogorov theorem yields:

∀p > 0, ∀0 < α < min{b, 2a}
||gN − g ||Lp(Ω,C0(D̄)) ≤ Aα,p√∑n>N λnnα ∀N ∈ N.
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Borel-Cantelli lemma yields:for almost all ω, gN −→
C0(D̄)

g and so aN −→
C0(D̄)

a as N → +∞.

Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Borel-Cantelli lemma yields:for almost all ω, gN −→
C0(D̄)

g and so aN −→
C0(D̄)

a as N → +∞.We de�ne aminN (ω) = minx∈D̄ aN(ω, x) and amaxN (ω) = maxx∈D̄ aN(ω, x) a.s.Then Fernique theorem yields that for all p > 0,
∥

∥

∥

∥

1aminN ∥

∥

∥

∥Lp(Ω)

≤ Bp and ‖amaxN ‖Lp(Ω) ≤ Bp ∀N ∈ N.
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Strong 
onvergen
e of uN to u
∀p > 0, ∀0 < α < min{b, 2a}

‖aN − a‖Lp(Ω,C0(D̄)) ≤ Cα,p√∑n>N λnnα ∀N ∈ N.
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Strong 
onvergen
e of uN to u
∀p > 0, ∀0 < α < min{b, 2a}

‖aN − a‖Lp(Ω,C0(D̄)) ≤ Cα,p√∑n>N λnnα ∀N ∈ N.Theorem
∀p > 0, ∀0 < α < min{b, 2a}

‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,p√∑n>N λnnα ∀N ∈ N.
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Weak 
onvergen
e of uN to uTheoremThere exists a 
onstant C su
h that for any ϕ ∈ C4(R, R) whosederivatives are bounded by a 
onstant Cϕ

‖Eω[ϕ(u) − ϕ(uN )]‖H10 ≤ Cϕ

∑n>N λn.
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Weak 
onvergen
e of uN to uTheoremThere exists a 
onstant C su
h that for any ϕ ∈ C4(R, R) whosederivatives are bounded by a 
onstant Cϕ

‖Eω[ϕ(u) − ϕ(uN )]‖H10 ≤ Cϕ

∑n>N λn.Remark: The weak order is twi
e the strong order.Sket
h of the proof: We re
all that: uN(ω, x) = uN(Y1(ω), ...,YN (ω), x).For any N, for any multi-index α ∈ N
N , and any y ∈ R

N , we have
∥

∥

∥

∥

∂αuN(y , x)
∂yα

∥

∥

∥

∥H10 (D)

≤ k|α|√amaxN (y)aminN (y)
| uN(y)‖H10C |α| ∏i∈N

√

λαii ,where k|α| is a 
onstant independent of N and depending only on thelength of α.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Formally, in the parti
ular 
ase of the expe
ted value, we have:u(ω, x) − uN(ω, x)
= u(Y1(ω), ...,YN (ω),YN+1(ω), ..., x) − u(Y1(ω), ...,YN (ω), 0, ..., x)
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Formally, in the parti
ular 
ase of the expe
ted value, we have:u(ω, x) − uN(ω, x)
= u(Y1(ω), ...,YN (ω),YN+1(ω), ..., x) − u(Y1(ω), ...,YN (ω), 0, ..., x)
=

∑i>N ∂u
∂yi (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)

+
12 ∑i 6=j>N ∂2u

∂yi∂yj (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)Yj(ω)

+
12∑i>N ∂2u

∂y2i (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)2 + ...The independen
e of the Yi yields:
E[u − uN ](x) = 0 +

12∑i>N E

[

∂2u
∂y2i (Y1(ω), ...,YN (ω), 0, ..., x)] + ...Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Example: the 1D exponential 
ovarian
e 
aseWe take D = (0, 1) and 
ov [g ](x , y) = σ2e− |x−y |l where l is the 
orrelationlength. Then we have analyti
 expressions for the eigenvalues λn and theeigenfun
tions bn, in parti
ular :
• λn ∼n→+∞

2σ2lπ2n2
• ∀n ∈ N, ‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cn.
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Example: the 1D exponential 
ovarian
e 
aseWe take D = (0, 1) and 
ov [g ](x , y) = σ2e− |x−y |l where l is the 
orrelationlength. Then we have analyti
 expressions for the eigenvalues λn and theeigenfun
tions bn, in parti
ular :
• λn ∼n→+∞

2σ2lπ2n2
• ∀n ∈ N, ‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cn.Proposition (Strong 
onvergen
e result)

∀p > 0, ∀0 < α < 1
‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,pN α−12 ∀N ∈ N.
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Example: the 1D exponential 
ovarian
e 
aseWe take D = (0, 1) and 
ov [g ](x , y) = σ2e− |x−y |l where l is the 
orrelationlength. Then we have analyti
 expressions for the eigenvalues λn and theeigenfun
tions bn, in parti
ular :
• λn ∼n→+∞

2σ2lπ2n2
• ∀n ∈ N, ‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cn.Proposition (Strong 
onvergen
e result)

∀p > 0, ∀0 < α < 1
‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,pN α−12 ∀N ∈ N.Proposition (Weak 
onvergen
e result)For any ϕ ∈ C4(R, R) whose derivatives are bounded by a 
onstant Cϕ

‖Eω[ϕ(u) − ϕ(uN )]‖H10 (D) ≤
CϕN .Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique
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Example: the 2D exponential 
ovarian
e 
aseWe take D = (0, 1)2 and 
ov [g ](x , y) = σ2e− ‖x−y‖1l where l is the
orrelation length.The set of the eigenpairs (λn, bn) is obtained as the tensor produ
t of the1D eigenpairs.
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Example: the 2D exponential 
ovarian
e 
aseWe take D = (0, 1)2 and 
ov [g ](x , y) = σ2e− ‖x−y‖1l where l is the
orrelation length.The set of the eigenpairs (λn, bn) is obtained as the tensor produ
t of the1D eigenpairs.Proposition (Strong 
onvergen
e result)
∀p > 0, ∀0 < α < 1

‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,pN α−12 ∀N ∈ N.
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Example: the 2D exponential 
ovarian
e 
aseWe take D = (0, 1)2 and 
ov [g ](x , y) = σ2e− ‖x−y‖1l where l is the
orrelation length.The set of the eigenpairs (λn, bn) is obtained as the tensor produ
t of the1D eigenpairs.Proposition (Strong 
onvergen
e result)
∀p > 0, ∀0 < α < 1

‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,pN α−12 ∀N ∈ N.Proposition (Weak 
onvergen
e result)For any ϕ ∈ C4(R, R) whose derivatives are bounded by a 
onstant Cϕ, forany ε > 0, we get
‖Eω[ϕ(u) − ϕ(uN)]‖H10 (D) ≤

Cϕ,εN1−ε
.Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique



Example: the analyti
 
ovarian
e 
aseWe suppose that 
ov [g ] is analyti
 on D2, then we haveTheorem (S
hwab, Todor)
•

λn ≤ 
1e−
2n1/d ∀n ∈ N

• for any s > 0 there exists a 
onstant 
s su
h that,
‖bn‖∞ ≤ 
s |λn|−s and ‖b′n‖∞ ≤ 
s |λn|−s ∀n ∈ N.We have then strong and weak 
onvergen
e results, analogous to theprevious results.
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Proposition (Strong 
onvergen
e result)For any 0 < s < 12 , and p > 0
‖u − uN‖Lp(Ω,H10 (D)) ≤ Hs,p√∑n>N λ1−2sn ∀N ∈ Ntherefore

‖u − uN‖Lp(Ω,H10 (D)) ≤ Id ,s,pN d−12d e− 
2(1−2s)2 N1/d ∀N ∈ N
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Proposition (Weak 
onvergen
e result)For any 0 < s < 12 , for all ϕ ∈ C4(R, R) whose derivatives are bounded bya 
onstant Cϕ, we have:
‖E[ϕ(uN) − ϕ(u)]‖H10 (D) ≤ JsCϕ

∑n>N λ1−2sn ∀N ∈ Ntherefore
‖E[ϕ(uN ) − ϕ(u)]‖H10 (D) ≤ Kd ,sCϕN d−1d e−
2(1−2s)N1/d ∀N ∈ N.
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Let uhN be the approximation of uN in a standard linear �nite elementspa
e with a regular triangulation Th.For any y ∈ R
N , uN(y) ∈ H2(D) with

‖uN(y)‖H2(D) ≤ C ‖f ‖L2(D)aminN (y)

„1 +
amaxN (y)aminN (y)

« „1 +
amaxN (y)aminN (y)

+
‖a′N(y)‖L∞(D)aminN (y)

«

.
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Let uhN be the approximation of uN in a standard linear �nite elementspa
e with a regular triangulation Th.For any y ∈ R
N , uN(y) ∈ H2(D) with

‖uN(y)‖H2(D) ≤ C ‖f ‖L2(D)aminN (y)

„1 +
amaxN (y)aminN (y)

« „1 +
amaxN (y)aminN (y)

+
‖a′N(y)‖L∞(D)aminN (y)

«

.Therefore, thanks to Céa lemma and the usual approximation result, we get
‖uN(y) − uhN(y)‖H10 (D) ≤CsamaxN (y)aminN (y)

‖f ‖L2(D)aminN (y)

„1 +
amaxN (y)aminN (y)

« „1 +
amaxN (y)aminN (y)

+
‖a′N(y)‖L∞(D)aminN (y)

« h.
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PropositionFor any p > 0, we have
‖uN − uhN‖Lp(Ω,H10 (D)) ≤ CN,ph.If moreover the eigenfun
tions bn ∈ C2 and there exists 0 < θ < 1 su
h that
∑n≥1 λn‖Dbn‖2(1−θ)

∞ ‖D2bn‖2θ∞ < ∞,then the 
onstant CN,p 
an be 
hosen independent of N.
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PropositionFor any p > 0, we have
‖uN − uhN‖Lp(Ω,H10 (D)) ≤ CN,ph.If moreover the eigenfun
tions bn ∈ C2 and there exists 0 < θ < 1 su
h that
∑n≥1 λn‖Dbn‖2(1−θ)

∞ ‖D2bn‖2θ∞ < ∞,then the 
onstant CN,p 
an be 
hosen independent of N.Proposition (J.C,R.S
hei
hl,A.Te
kentrup)For any 0 < s < 1/2, p > 0, we have
‖uN − uhN‖Lp(Ω,H10 (D)) ≤ Cs,phs .Julia Charrier 24 november 2010Journée d'équipe d'analyse numérique
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