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Highly-oscillatory problems
.
General form

Consider highly oscillatory problems (HOP) with:
@ a clear and explicit separation of the time-scales
@ a quasi-periodic dependence in the fast time

Highly-oscillatory problems with periodic time-dependence

y' = efly,0)eR"  y(0) = yo )
9 = welRd, 6(0) = &y

where :
@ ¢ is a small parameter (scales as the inverse of the
frequency).

@ f is asmooth, 27r-periodic w.r.t. to each angle Hi,_and
possesses a Fourier expansion f(y, ) = 3", .z« € ®Of(y).

'
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Examples

Example (Van Der Pol oscillator)

Van Der ol oscilalr

(52
p = —g+e(1-a?)p

s 2 s 1 os o 05 1 15 2 25

which, after ihe change of variables

g = cos(t)x + sin(t)y
p = —sin(t)x + cos(t)y

writes

—sin(t)e (1 — (cos (t)x + sin (t)y)?) (—sin (t) x + cos (1) y)
cos (t) e (1 — (cos (t)x + sin () y)?) (—sin (t) x + cos (t)y)

—
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Examples

Example (Inverted pendulum)

. W0_<I—+El—cos<g+goo>>sm9

I_ I o)

f: angle between pendulum rod and vertical axis.

I: length of the rod.

g: acceleration of gravity.

1/e: (large) angular frequency of the vibration of the
suspension point y(t).

Vmax > 0: O(1) maximum vertical velocity of y(t).
wo: initial phase of vibration.

e 6 ¢ ¢
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Examples

Example (Fermi-Pasta-Ulam problem)

W

Soft spring

The Fermi-Pasta-Ulam system wih d = 3, as described in
[HLWO06], has Hamiltonian

1 1 1
H(q1,d2, P1,P2) = EpIpl + Eplpz + 2—52ng12 +U(q1,92),

where

1 1
4 4 4
U(a1,92) = Z ((@g,i42 — a1,i) — (2,101 +92,))" + Z(ql‘d + d2q)" + Z(ql,l — 02,1)
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Applying the time reparametrization 7 = t/e, H becomes
~ o n 1 ;. 1 .+. 1.;. .~
H(P1, P2, 01, G2) = 5€P1 1+ 5€P2 P2 + 5-0 G2 + €U (01, G2),

and then through the change of variables
G2 \ [ cos(t) —esin(r) P
po /) \ isin(r) cos(r) Py

F(P1. B2, 61,82, 7) = 5eP] Pa + U (i1, 0s(7)dz + esin(7)p2).

so that

Omitting the bars, this leads to a system of the form
y' =ef(y,7) ="' VyH(y,7),

where H is 2r-periodic in 7
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Exact solution
T

QI et R e S S

Oscillatory energies

L i L L L L :
0 20 40 60 80 100 120 140 160 180 200
Time (1)

Preserved quantities:
@ Hamiltonian H
@ Total oscillatory energy | = 3 (p} p2 + 0] q2)
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High-order averaging
.
The idea of averaging in the literature

Appears in various forms:
@ “Standard” form in KAM theory
@ Two-scale expansions in quantum mechanics
(Wentzel-Kramers-Brillouin, 1926)
@ Magnus expansions (A. Iserles, 2002)
@ Modulated Fourier expansions (D. Cohen, E. Hairer and
Chr. Lubich, 2003)
Theory has been gradually improved for the systems
considered here:
@ Krylov and Bogoliubov (1934) : basic idea

@ Bogoliubov and Mitropolski (1958) : rigorous statement for
second order approximation and general scheme

@ Perko (1969) : almost complete theory with error estimates
for the periodic and quasi-periodic cases (see also the
book of Sanders, Verhulst and Murdock, 2007)
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Averaging of high-order according to Perko, SIAM 1969

Theorem (Perko)

Under a smoothness assumption on f and a non-resonance
condition on w , given the system

y'=ef(y,0) e R", y(0) = Yo,
9 =w e T, 6(0) = 6o,

there exists a transformation from R" x T9 to R"
y=U(Y,0) =Y +euy(Y,0) + ...+ Tuc_1(Y,0)
such that
Y =eF1(Y) +... +F(Y),Y(0) = ¢

and

ly(7) — U(Y (1), 80 + Tw)|| < CeX for 7 < C/e.
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Averaging of high-order according to Perko, SIAM 1969

The functions u; (and thus F;) are not unigue except for F;

. =1 oKt A

Fj(Y’H):Z[W Z —(uil,...,uik) —WFj_k],
k=1 = igt..tik=i—1

Fi(Y) = W/]I‘d Fi(Y,0)do,

w-%(Y,H): Fi(Y,0) — F(Y).

@ d = 1: We can impose u;(Y,0) = 0, this is stroboscopic
or averaging, in the sense that U(Y,2kn) =Y;

@ d > 1: The choice ;4 uj(Y,0)dd =0 is the one
prescribed in Perko’s theorem.
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Averaging of high-order according to Perko, SIAM 1969

Why do we consider stroboscopic averaging using
B-series rather than anything else?

@ The theory for stroboscopic averaging in the quasi-periodic
case is missing in Perko’s work and stroboscopic
averaging is the portal to numerical schemes

@ There is no account in Perko’s work of geometric aspects,
while modulated Fourier expansions, though explaining
most qualitative behaviors of geometric ODES, are very
intricate.

@ The use of B-series in averaging allows for the proof of
new results (e.g.equivalence of averaging methods)
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Averaging with B-series
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Framework

Mode-coloured trees

The set 7 of trees is defined recursively by the rules:
Q Forallk € 29, (v) belongs to T
Q Ifuy, ..., u, aren trees of T, then, the tree
u= [ul,...,un]k

obtained by connecting their roots to a new root with
multi-index k € Z9, belongs to 7.

The order |u| of a tree u € T is its number of nodes.
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Framework

Elementary differentials

Elementary differentials are defined recursively by the
formulae:

Q@ F(©(¥o) = fk(¥o)

NE: 97

|u| 2 3 3
Fuly) [ fey) [ FOORY) [ T W) | fry)E(Y) f(y))

Figure: Trees of orders < 3 and associated elementary differentials
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Mode-coloured B-series and their composition

Mode-coloured B-series are power series indexed by trees:

elul

B(ovy) =gy + ) | —au}"u(y)
ueT

where ¢ is a normalization factor and o € C71%} | Given two
B-series B(«,y) and B(3,y), their composition

B(5,B(a,y))

is a B-series (provided a; = 1) with coefficients a » 5 € CTV{0},
This law endows G := {a € CTY% . o = 1} with a group
structure, with neutral element 1. defined by 1y =1 and 1, =0
forallueT.
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Every Thing You Always Wanted to Know About
B-series But Were Afraid to Ask

© Given o, 3, (ax )y = By, and foru € T:

|ul m

(a*B)y =y + Bu+ Z Z Cuy,....um Bus Haui

M=2 |uq|+...4+|um|=|u] i=2

where the ¢y, .. u,'S are integer coefficients.

@ s linear in the right factor.
© (a*B)u — aufy — Bu involves trees of orders less then |u|

© If 3, = O for all trees with |u| # 1, then,

(o * /B)U:[U]_"'Um]k = /8®aul ©r Quy
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The exact solution in B-series

The equations

Our first task is to rewrite the vector field itself as a B-series
. |ul
&
e D D (y) =B(B(0).y) = D —Bu(0)Fu(y)
kezd ue7 Y

with coefficients 3, (6) defined for u € 7 U {0} as follows:

Bu(6) = e'k0) jfu= (® for some k € A
0 otherwise.

Writing the IVP in terms of B-series, we obtain

;_TB(Q(T),yO) = B(a(r) * B(0(7)). Yo),

B(a(0),Yo) Yo = B(L,yo),
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The exact solution in B-series

Recursive expression of the solution

Consequence: « is a curve in G satisfying the IVP

{6

Since [y(#) = 0 whenever |u| # 1, we obtain for u = [ug - - - up]k

a(t) x B8(6(7)), 6(r) =6+ Tw
1

dau(

ﬂ@ o, (1) - .. oy ()

and after integration

ou(7) = eilkf0) / e5k) o () ay, (5)ds.
0
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The exact solution in B-series

First coefficients of the expansion

Coefficients oy () depend on 6y:a (1) = elZu a0 (7).

Fuly) ag(7)
fi(y) Jo elkemdr
fll(y )fk (y) fOT foTz gilkmi+ln)w g r1d7

fn YY) | o Jo? Jo? e'knttimtmm)w dr drydry

Zeoeeeo | -

fn (V) (Ri(Y), fi(y)) Jo Jo7e'kmtinime)edr dr,

Figure: Trees of orders less or equal to 3
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A transport equation for the B-series coefficients

First observation

Observe that for any u € T, aJ(7) is a combined
algebraic-trigonometric Laurent polynomial of the form

AA(r) =Py(r,e'™r ... el eTiTer  eTiTwa)

where Py € C[X,Z1,...,2Zq,Z; %, ..., Z; "] is defined uniquely
as soon as w is non-resonant.

Example: u :%

O If 1 # —K, K, | 7 0: agr) = teepeel N eall o o) d (0217

(k- w)(I-w)((14+K)-w)

o Ifl = —kandk # 0: a3(r) = {Z
o Ifk =1=0:ad(r) =72/2
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A transport equation for the B-series coefficients

Uniqueness of the solution

We can thus define for eachu € T,

(T, 0) = Py(r,e'% .. ella e7l0  e7ifa)
so that (7, 7w) = aJ(7), and in particular, v(0,0) = °(0) = 1.
The fact that a°(7) = ~(r, Tw) implies that

Ory(7,0) +w - Voy(7,0) = ~+(7,0) x 5(0) )

Theorem

There exists a unique smooth function on R x T% which is both
polynomial in 7 and solution of (2) with (0,0) = 1.

For all 71, € R and all 6, 604,6, € Td,

V014 + 72,01 + 02) = 4% (71, 01) % Y0012, 65).
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A transport equation for the B-series coefficients

Quasi-stroboscopic averaging

Previous Theorem gives, on the one hand:
A% (1, A0) = a(r) * k(0o + AD),

where a(r) = y%(r,0) and x(0) = v%(0,6 — 6y). On the other
hand:
7% (1 4 72,0) = 7% (71,0) x1%(2,0),
which, by differentiating wrt 7, leads to
9
or
with

7% (7,0) = 7%(7,0) 527—700(07 0) e =a(r)«p

3 — 3 o
/8 - 87—7 (070)'
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A transport equation for the B-series coefficients

Perko’s change of variables in terms of B-series

& =cf(y,0), 92 =axB(h),
y(0) = Yo y(r) = B(a(r), yo) a(0) =1
4 — o, <f(y,6) = B(8(6),Y) 2 =,

0(0) = 6o 0(0) = 6o
y=U(Y,0) 1 T a=axx(9)
& —cF(Y), 42 — q«

Y (0) = Yo Y (r) = B(a(r), Yo) a(0) = 5_1(00)
2 =, F(Y) =B(3,Y) 2 =w,
0(0) = 6o 0(0) = 6o

Figure: Perko’s Theorem in terms of B-series
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A transport equation for the B-series coefficients

Further results obtained purely algebraically

A few results can be obtained by the use of (B-)series
formalism:

@ Itis possible to choose k() = 1: the change of variables
U then coincides with the identity map at g for time 7 = 0.
For all values of 7w close to 0 € T9, U(Y, 6) is close to
y and the averaged and exact solutions almost
coincide (hence the term quasi-stroboscopic)

@ For this particular choice, it is easy to prove that whenever
f is Hamiltonian, reversible, divergence-free..., so is the
averaged vector field.

@ All averaging procedures are somehow equivalent in

the sense that for any two change of variables we get two
conjugate averaged vector fields.
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A transport equation for the B-series coefficients

Preservation of adiabatic invariants in perturbed
integrable systems

Recall that for all 7, » € R and all 6, 61,6, € T9,

VO (11 + 72,01 4 02) = 4% (71, 01) % Y00 (12, 65).

Theorem: Assume w iS hon-resonant

Cconsider m vectors A40, ..., Apfin T9 and the flows:
WA (y,60) - (B(:(r, 4i6),y),0 + A6)

m A0 Amb _ \yA10+..+Amb
Then, for (71,...,7m) € RM, WA1% 0 ... o WM = Yrai™ .= Am?,
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SAM: A numerical method for stroboscopic averaging
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The method

The Stroboscopic Averaging Method (SAM)

Here, d = 1. The idea is to solve the averaged equation at two

levels, in the spirit of Heterogeneous Multiscale Methods
(HMM):

@ Approximate the averaged vector field F by central
differences of the form

1 27 -2
F(Y) > 2= (67(Y) = 657 (Y))
with a numerical method (RK4 later on) with constant
stepsize (micro-steps)

@ Solve the averaged equation by a numerical method (RK4
later on) with constant stepsize (macro-steps)
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The method

lllustration with the inverted pendulum

Angle component of the Kapisa pendulum Velocity component of the Kapisa pendulum
T T T T T T T 1 T T T T T T T

Angle
Anglular velocity

S S T T [P N T S MY
78 9 10 11 12 BB W15 01 2 3 4 5

1 L 1
6
Time in number of periods

-
7 8 9 10 11 12 13 14 15
ime in number ofperiods

gl L1
0 1 2 3 4 5

o

Figure: Solutions of the original (red), averaged order 0 (blue) and
order 2 (green) equations of the Kapitsa pendulum
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Numerical experiments

The problem

Perturbed Kepler

d 1 2
—V = ——X F(x) e R
dt r3 e b e

d 2
X =V eR",
dt

2
where F(x) = —VG(x), G(x) = —% I 3% r=/x2+x2.

Kepler problem (¢ = 0) has periodic solutions with period
T = 27(—2E(x(0),v(0)))%/?

where E(x,v) = 1/2vTv — 2/V/xTx. After time rescaling,
d _3/2 d 32, 1
EX - (_ZE(va)) v, EV - (_ZE(va)) (_r_3X + EF(X))’

it has (2)-periodic trajectories (for negative energy).
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Numerical experiments

The results

Three different values for e: 2712, 213 214 |ntegration on
[0,7/871]. 8 macro-steps.

10°

107 E g
1024 E
107 E
10 E

10~

10 10" 10° 10

Figure: Precision (y-axis) versus work (x-axis). In blue, standard RK4.
In red, SAM with second order central differences.
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Ongoing work and perspectives

Ongoing work:
@ Analysis of resonances in numerical methods (C., Murua
and Sanz-Serna)
@ Stroboscopic averaging for the nonlinear Schrodinger
equation (Castella, C. and Méhats)
@ Stroboscopic symplectic composition methods (C., Murua,
Wang)
Perspectives:
@ Quasi-stroboscopic humerical methods
@ Extension to the case where only

1T
Tlinoo?/o f(y,me)dr

exists?
@ Extension to the wave equation.
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