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The Klein-Gordon equation in non-relativistic limit regime

(why a numerical challenge?)
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Klein-Gordon equation

1

c2
∂ttz −∆z + c2z = λ|z|2pz,

z(0) = ϕ, ∂tz(0) = c2γ,

z : [0, T ]× T→ C.

Conserved physical quantities: (”hole” theory, Dirac)

Charge: Q(z) =
i

2c2

∫
T
z∂tz − z∂tz dx,

Energy: E(z) =

∫
T
|1c∂tz|2 + |∇z|2 + |cz|2 − 1

p+1 |z|2p+2 dx

Note: ρ(z) = i
2c2

(z∂tz − z∂tz) allows positive & negative values
=⇒ interpretation as charge-density not probability density!

(Unlike Schrödinger: ρNLS(ψ) = |ψ|2 ≥ 0.)
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Numerical solution of non-relativistic Klein-Gordon

1

c2
∂ttz −∆z + c2z = λ|z|2pz, z(0) = ϕ, ∂tz(0) = c2γ,

Non-relativistic limit regime: c� 1

Naive numerical methods: znj ≈ z(tn, xj), tn = nτ

zn+1
j − 2znj + zn−1j = τc2∆znj + τc4znj + τc2λ|znj |2pznj

=⇒ Better choice(s): Gautschi-type methods:

◦ Hochbruck & Lubich (98’): oscillatory 2nd ord. diff. eqs.
with high-frequencies generated by linear part
◦ Bao & Dong (11’) for KG: ‖z(tn, xn)− znj ‖L2(T) = O(τ2c4).

Still numerical challenge!
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Our approach: asymptotic expansion

In a nutshell for cubic ...
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Asymptotic expansion in a nutshell

1

c2
∂ttz −∆z + c2z = λ|z|2z, z(0) = ϕ, ∂tz(0) = c2γ, c� 1

Asymptotic expansion: (Masmoudi & Nakanishi (02’) on Rd)

z(t, x) = 1
2u0(t, x)eic

2t + 1
2v0(t, x)e−ic

2t +O(c−2)

i∂tu0 = 1
2∆u0 − 1

8λ(|u0|2 + 2|v0|2)u0, u0(0) = ϕ− iγ
i∂tv0 = 1

2∆v0 − 1
8λ(|v0|2 + 2|u0|2)v0, v0(0) = ϕ+ iγ.

(1)

Numerical approximation: zn ≈ z(tn)

◦ Solve (1) (Strang) (independent of c!!) =⇒ un0 , v
n
0 .

◦ Multiply un0 , v
n
0 with highly-oscillatory phases

‖z(tn)− zn‖L2(T) ≤ C(τ2 + c−2).
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Our approach: asymptotic expansion

In detail ...
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Asymptotic expansion: Rewrite as first-order system

∂ttz + c2〈∇〉2cz = c2λ|z|2pz, 〈∇〉c :=
√
−∆ + c2

Ansatz:

u = z − ic−1〈∇〉−1c ∂tz, u(0) = ϕ− ic〈∇〉−1c γ

v = z − ic−1〈∇〉−1c ∂tz, v(0) = ϕ+ ic〈∇〉−1c γ

=⇒ z = 1
2(u+ v)

i∂tu = −c〈∇〉cu+ c〈∇〉−1c λ
22p+1 |u+ v|2p(u+ v),

i∂tv = −c〈∇〉cv + c〈∇〉−1c λ
22p+1 |v + u|2p(v + u).

With w = (u, v)T

i∂tw = −c〈∇〉cw + c〈∇〉−1c f(w),

w(0) = Φ− ic〈∇〉−1c Γ
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Asymptotic expansion: A priori bounds

i∂tw = −c〈∇〉cw + c〈∇〉−1c f(w), w(0) = Φ− ic〈∇〉−1c Γ

Mild formulation in Hs(Td) (s > d/2)

w(t) = eitc〈∇〉cw(0) +

∫ t

0
c〈∇〉−1c ei(t−s)c〈∇〉cf(w)ds.

◦ eitc〈∇〉c isometry on Hs(Td)
(Fourier: eitc〈∇〉cξ =

∑
k∈Zd eitc

√
|k|2+c2 ξ̂ke

ik·x)
◦ f polynomial of degree r > 2

◦ c〈∇〉−1c uniformly bounded w.r.t. c on Hs(Td)
(Fourier: c〈∇〉−1c ξ =

∑
k∈Zd

c√
|k|2+c2

ξ̂ke
ik·x)

w(0) ∈ Hs(Td) =⇒∃Ts, Bs > 0 :

∀t ∈ (0, Ts) : ∀c > 0 : ‖w(t)‖Hs(Td) ≤ Bs.
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Asymptotic expansion

i∂tw = −c〈∇〉cw + c〈∇〉−1c f(w), w(0) = Φ− ic〈∇〉−1c Γ

W : R× T× T→ C : (t, θ, x) 7→W (t, c2t, x) ' w(t, x)

i∂tW + ic2∂θW = −c〈∇〉cW + c〈∇〉−1c f(W ),

W (0, 0, x) = Φ− ic〈∇〉−1c Γ

Expand 〈∇〉c =
√
−∆ + c2

Smooth (Φ,Γ) =⇒ smooth W :

i∂tW + ic2∂θW = −(c2 − 1
2∆)W + 1f(W ) +O(c−2),

W (0, 0, x) = Φ− i1Γ +O(c−2)
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Asymptotic expansion: Main result

1
c2
∂ttz −∆z + c2z = λ|z|2pz, z(0) = ϕ, ∂tz(0) = c2γ, c� 1.

First correction term: z0(t, x) = 1
2u0(t, x)eic

2t + 1
2v0(t, x)e−ic

2t,

i∂t

(
u0
v0

)
=

1

2
∆

(
u0
v0

)
+

1

2π

∫ 2π

0

(
f(u0 + e−2iθv0)
f(v0 + e−2iθu0)

)
dθ

f(ξ) = λ|ξ|2pξ, u0(0, x) = ϕ(x)− iγ(x), v0(0, x) = ϕ(x) + iγ(x).

Theorem: Let s > d/2, ϕ, γ ∈ Hs+4(Td). Then

∃Ts,K > 0 ∀t ≤ Ts : ‖z(t, ·)− z0(t, ·)‖Hs(Td) ≤ Kc−2.
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Asymptotic expansion: Numerical demonstration

Figure: z, z0 : c = 2 Figure: z, z0 : c = 8

Figure: z, z0 : c = 80
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Higher asymptotic expansion

W : R× T× T→ C : (t, θ, x) 7→W (t, c2t, x) = w(t, x)

i∂tW + ic2∂θW = −c〈∇〉cW + c〈∇〉−1c f(W ),

W (0, 0, x) = Φ− ic〈∇〉−1c Γ

◦ Expand 〈∇〉c =
√
−∆ + c2 up to O(c−2N∆2N )

◦ W =
∑N

n=0 c
−2nW n +O(c−2N−2)

(i∂θ + 1)W n =(−i∂t + 1
2∆)W n−1

+ df(W 0) ·W n−1 + Rn(∆n−jW j |j ≤ n− 2)

=⇒W n(t, θ, x) =
∑pn

k≥1 eikθw
(k)
n (t, x), pn <∞.
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Higher asymptotic expansion: Main result

Theorem: Let s > d/2, ϕ, γ ∈ Hs+2N+4(Td). Then ∃CN , Ts > 0

∀t < Ts : ‖w(t, ·)−
N−1∑
n=0

c−2nW n(t, c2t, ·)‖Hs(Td) ≤ CNc−2(N+1).

Figure: ”exact solution”, 1st corr. term, 2nd corr. term (c = 4)
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Cubic case:

construction of numerical schemes
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Convergence analysis

z(t, x) = 1
2u0(t, x)eic

2t + 1
2v0(t, x)e−ic

2t +O(c−2),

where

i∂tu0 = 1
2∆u0 − 1

8λ(|u0|2 + 2|v0|2)u0, u0(0) = ϕ− iγ
i∂tv0 = 1

2∆v0 − 1
8λ(|v0|2 + 2|u0|2)v0, v0(0) = ϕ+ iγ.

Strang splitting: (time step τ ) Φτ ≈ Φ
τ/2
P ◦ Φτ

T ◦ Φ
τ/2
P

Error: For sufficiently smooth ϕ, γ

‖z(tn, ·)− zn,h‖L2(T) ≤ C(τ2 + hs + c−2), nτ ≤ Ts.

Cf. Gautschi: ‖z(tn, ·)− zn,h‖L2(T) ≤ C(τ2c4 + hs)

Higher order asymptotic (up to l) + numerical method (order k):

‖z(tn, ·)− zn,h‖L2(T) ≤ C(τk + hs + c−2l), nτ ≤ Ts.
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Energy & charge

z(t, x) = 1
2u0(t, x)eic

2t + 1
2v0(t, x)e−ic

2t +O(c−2),

where

i∂tu0 = 1
2∆u0 − 1

8λ(|u0|2 + 2|v0|2)u0, u0(0) = ϕ− iγ
i∂tv0 = 1

2∆v0 − 1
8λ(|v0|2 + 2|u0|2)v0, v0(0) = ϕ+ iγ.

Q(z) =
i

2c2

∫
T
z∂tz − z∂tz dx = Q0 + c−2Q1 +O(c−4)

E(z)− c2(Qu −Qv) = E0 + c−2E1 +O(c−4)

Q0(u0, v0) =
1

4

(
‖u0‖2L2(T) − ‖v0‖2L2(T)

)
,

E0(u0eic
2t, v0e

ic2t) =

∫
T

1
4(|∇u0|2 + |∇v0|2)− 1

32 |u0 + v0e
−2ic2t|4 dx
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Energy & charge
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Numerical results

(cubic Klein-Gordon)
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Numerical result: first correction term

ϕ = (2+i)√
5

cos(x), γ = (1+i)√
2

sin(x) + 1
2cos(x), λ = −1, T = 0.1
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Figure: Ref. solution Gautschi (τ = 10−6), first-order approx. z0
(τ = 10−2). The slope of the dash-dotted line is two.
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Numerical result: first-& second correction term

ϕ = cos(x), γ = 1
4sin(x) + 1

2cos(x), λ = −1, T = 0.1
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y = zn,h0 + c−2zn,h1

Figure: Ref. solution Gautschi (τ = 10−7) first- and second-order
approx. z0 and z0 + c−2z1 (τ = 10−3). The slope of the dash-dotted
and dotted line is two and four, respectively.
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Numerical result: energy deviation E0(t)
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Figure: Deviation of first energy correction term E0(t).
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Numerical result: charge deviation Q0(t)
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Figure: Deviation of first charge correction term Q0(t).
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Numerical result: energy deviation of E(z0)
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Figure: Energy deviation of z0: |E(z0(0))− E(z0(t))| = O(1).
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Numerical result: charge deviation of Q(z0)
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Figure: Charge deviation of z0: |Q(z0(0))−Q(z0(t))| = O(c−2).
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