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The Klein-Gordon equation in non-relativistic limit regime

(why a numerical challenge?)
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Klein-Gordon equation

1
— 0z — Az + 2= \Nz|*2,
C

z2(0) =, 0z(0) = 2,
2:[0,T] x T — C.
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Klein-Gordon equation

%8&2 —Az+ 2z = >\|z|2pz
2(0) =, 9z(0) = c*v,
2:[0,T] x T — C.

Conserved physical quantities: ("hole” theory, Dirac)

Charge: Q(z) = /z@tz—zatzdx,

2¢ 9.2
Energy: E(z /| O2|* + V2 +[ez|* — g2 da
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Klein-Gordon equation

1
— 0z — Az + 2= \Nz|*2,
C

2(0) = ¢, 0;2(0) = ¢,
z2:0,T] x T — C.
Conserved physical quantities: ("hole” theory, Dirac)
i _

Charge: Q(z) = 22 /Tz@tz —ZOyz dz,

Energy: E(z) = /Tr 110u2|? + V2| + |ez|* — ﬁ|z[2p+2 dz
Note: p(z) = 5% (20,7 — Z0,z) allows positive & negative values
— interpretation as charge-density not probability density!
(Unlike Schrodinger: pnis(v) = |¢|> > 0.)
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Numerical solution of non-relativistic Klein-Gordon

1
?&gtz — Az 4z = Mz|Pz, 2(0) = ¢, 8,2(0) = ¢,

Non-relativistic limit regime: ¢ > 1
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Numerical solution of non-relativistic Klein-Gordon

1
?&gtz — Az 4z = Mz|Pz, 2(0) = ¢, 8,2(0) = ¢,
Non-relativistic limit regime: ¢ > 1
Naive numerical methods: 27 ~ z(tn, z;), tn = n7

nt+l 9. n n—-1_ _ 2 n 4. n 2 n|2p n
z 220 + 27 =T Az} + TC 2] + T N2} [P
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Numerical solution of non-relativistic Klein-Gordon

1
?&gtz — Az 4z = Mz|Pz, 2(0) = ¢, 8,2(0) = ¢,
Non-relativistic limit regime: ¢ > 1
Naive numerical methods: 27 ~ z(tn, z;), tn = n7

n+l n n—1 __ 2 n 4. n 2 n|2p n
z 220 + 27 =T Az} + TC 2] + T N2} [P 2]
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Numerical solution of non-relativistic Klein-Gordon

1
— 0z — Az + Az = MNz|Pz, 2(0) = ¢, 8,2(0) = v,
c

Non-relativistic limit regime: ¢ > 1

Naive numerical methods: 27 ~ z(t,, z;), t, = nt

n+l n n—1 __ 2 n 4. n 2 n|2p n
z 220 + 27 =T Az} + TC 2] + T N2} [P

— Better choice(s): Gautschi-type methods:

o Hochbruck & Lubich (98’): oscillatory 2nd ord. diff. egs.
with high-frequencies generated by linear part

o Bao & Dong (11) for KG: ||z(tn, z5) — 27 ([ L2(T) = O(t2ch).

Katharina Schratz AA schemes for the non-relativistic Klein-Gordon equation



Numerical solution of non-relativistic Klein-Gordon

1
— 0z — Az + Az = MNz|Pz, 2(0) = ¢, 8,2(0) = v,
c

Non-relativistic limit regime: ¢ > 1

Naive numerical methods: 27 ~ z(t,, z;), t, = nt

n+l n n—1 __ 2 n 4. n 2 n|2p n
z 220 + 27 =T Az} + TC 2] + T N2} [P

— Better choice(s): Gautschi-type methods:

o Hochbruck & Lubich (98’): oscillatory 2nd ord. diff. egs.
with high-frequencies generated by linear part

o Bao & Dong (11) for KG: ||z(tn, z5) — 27 ([ L2(T) = O(t2ch).

Still numerical challenge!
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Our approach: asymptotic expansion

In a nutshell for cubic ...
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Asymptotic expansion in a nutshell

C%attz —Az+ 2= MNz%2, 2(0) =, 92(0) =y, > 1
Asymptotic expansion: (Masmoudi & Nakanishi (02’) on R%)
2(t,x) = Sug(t, z)e’t + Lag(t, 2)e ™ + O(c?)

iByug = $Aug — $A(|luol? + 2vo|?)uo, uo(0) = ¢ — iy

. — (M
0o = $Avg — gA(Jvol?® + 2|uol*)vo, vo(0) = @ + iv.
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Asymptotic expansion in a nutshell

C%attz —Az+ 2= MNz%2, 2(0) =, 92(0) =y, > 1
Asymptotic expansion: (Masmoudi & Nakanishi (02’) on R%)
2(t,x) = Sug(t, z)e’t + 17g(t, 2)e ™ 4 O(c72)

iByug = $Aug — $A(|luol? + 2vo|?)uo, uo(0) = ¢ — iy

. — (M
0o = $Avg — gA(Jvol?® + 2|uol*)vo, vo(0) = @ + iv.

Numerical approximation: 2" ~ z(t,)

o Solve (1) (Strang) (independent of ¢!l) = u{, v{}.
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Asymptotic expansion in a nutshell

1
—0nz — Az + Ar=NzPPz, 2(0) =, 82(0) =y, c>1
c

Asymptotic expansion: (Masmoudi & Nakanishi (02’) on R%)
2(t,x) = Juo(t, z)eic’t 4+ $0(t, z)e it 4 O(c72)

iByug = $Aug — $A(|luol? + 2vo|?)uo, uo(0) = ¢ — iy

. — (M
0o = $Avg — gA(Jvol?® + 2|uol*)vo, vo(0) = @ + iv.

Numerical approximation: 2" ~ z(t,)

o Solve (1) (Strang) (independent of c!!) = ug, vy.
o Multiply v, v with highly-oscillatory phases
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Asymptotic expansion in a nutshell

C%ﬁttz —Az+ 2= MNz%2, 2(0) =, 92(0) =y, > 1
Asymptotic expansion: (Masmoudi & Nakanishi (02’) on R%)
2(t,x) = Sug(t, z)e’t + Lag(t, 2)e ™ + O(c?)

10U = %Auo — %)\(’UOP + 2|vo|*)uo, uo(0) = ¢ — iy

. — (M
0o = $Avg — gA(Jvol?® + 2|uol*)vo, vo(0) = @ + iv.

Numerical approximation: 2" ~ z(t,)

o Solve (1) (Strang) (independent of c!!) = ug, vg.
o Multiply g, vy with highly-oscillatory phases

l2(tn) = 2" lz2qr < C(r* + 7).
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Our approach: asymptotic expansion

In detail ...

rina Schratz AA schemes for the non-rel tic Klein-Gordon equation



Asymptotic expansion: Rewrite as first-order system

Oz 4+ A (V)22 = ANz|Pz,  (V)e:=V—A+c2
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Asymptotic expansion: Rewrite as first-order system
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Asymptotic expansion: Rewrite as first-order system

iOu = —c(V)eu+ (V) ey [u + 0% (u + 1),
10w = —c(V)ev + C(V>C_122p%|v +a|? (v + 7).
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Asymptotic expansion: Rewrite as first-order system

iOu = —c(V)eu+ (V) ey [u + 0% (u + 1),
10w = —c(V)ev + C(V>C_122p%|v +a|? (v + 7).
With w = (u,v)T
0w = —c(V)ew + (V)7 f(w),
w(0) = ® —ic(V),'T
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
Mild formulation in H*(T%) (s > d/2)

¢
w(t) = eitc<v>6'w(0) —I—/ c<V>C_lei(t_s)c<v>Cf('w)ds.
0
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
Mild formulation in H*(T%) (s > d/2)

t
w(t) = " View(0) + / (V) eV £ (w)ds.
0

o e(Vie isometry on H*(T%)

(Fourier: e*e(Vleg = 3~ eitc\/mgkeik-x)
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
Mild formulation in H*(T%) (s > d/2)

¢
w(t) = eitc<v>c'w(0) —I—/ c<V>C_lei(t_s)c<v>“'f(w)ds.
0

o eitetV)e jsometry on H*(T%)
(Fourier: e*e(Vleg = 3~ eitc\/mgkeik-x)
o f polynomial of degree r > 2
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
Mild formulation in H*(T%) (s > d/2)

¢
w(t) = eitc<v>c'w(0) —I—/ C(V}glei(t_s)dw“'f(w)ds.
0

o eVl isometry on H*(T%)

(Fourier: e*e(Vieg =3, e“c\/méke“‘*x)
o f polynomial of degree r > 2
o (V) uniformly bounded w.r.t. ¢ on H*(T¢)

(Fourier: (V) 16 =" cza W&em-x)
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Asymptotic expansion: A priori bounds

10w = —c(V)ew + (V)71 f(w), w(0) = ® —ic(V),'T
Mild formulation in H*(T%) (s > d/2)

¢
w(t) = eitc<v>c'w(0) —I—/ c<V>C_lei(t_s)c<v>“'f(w)ds.
0

o ete(V)e isometry on H*(T9)
(Fourier: e*e(Vieg =3, giteV/IkP+c2 ¢, ik
o f polynomial of degree r > 2
o ¢(V); 'uniformly bounded w.r.t. c on H*(T9)
(Fourier: (V) 16 =" cza Wé}geik-x)
w(0) € H¥(T?) =3T}, B, > 0 :
vt € (0,T5) : Ve > 0 ¢ [lw(t)| gs(ray < Bs.
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Asymptotic expansion

10w = —c(V)ew + (V) f(w), w(0) =& —ic(V),'T

C
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Asymptotic expansion

10w = —c(V)ew + (V) f(w), w(0) =& —ic(V),'T

C

W :RxTxT—C: (t0,x)— W(tc* z) ~wt )
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Asymptotic expansion

10w = —c(V)ew + (V)1 f(w), w(0) =& —ic(V),'T

C

W :RxTxT—C: (t,0,x)— W(tc*t z) ~wt )

W + i 0y W = —c(V)W + (V) F(W),
W(0,0,z) = ® —ic(V),'T
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Asymptotic expansion

10w = —c(V)ew + (V)1 f(w), w(0) =& —ic(V),'T

C

W :RxTxT—C: (t,0,x)— W(tc* z) ~wt )

iOW +ic20pW = —c(V) W + (V). F(W),
W(0,0,z) = ® —ic(V),'T

Cc

Expand (V). = vV—A + ¢?
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Asymptotic expansion

10w = —c(V)ew + (V)1 f(w), w(0) =& —ic(V),'T

C

W :RxTxT—C: (t,0,x)— W(tc* z) ~wt )

iOW +ic20pW = —c(V) W + (V). F(W),
W(0,0,z) = ® —ic(V),'T

Expand (V). = vV—A + ¢?
Smooth (®,T') = smooth W:

iOW +ic20gW = —( — LA)W + 1f(W) + O(c?),
W(0,0,z) = ® —ilT + O(c?)
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)

A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)

A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)

A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)

2 (109 + 1)W0 =0
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)
A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)

c?: (i0p + )Wy =0
A (i0g+ 1)W1 = —ig W+ %AWO + (W)
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)
A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)

2 (i0g+1)Wo=0 = Wy(t,0,z) = ePwy(t, z)
" (i0g+ )Wy = —ig, W+ 3sAW o + f(W))
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)
A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)

2 (i0g+1)Wo=0 = Wy(t,0,z) = ePwy(t, z)
O (i0p+ 1)W1 = —idWo+ AW+ f(Wo) |- | [77do
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Asymptotic expansion

W :RxTxT—C: (t0,x)— Wi(tc*,z)
A (i0p + YW = —igW + AW + f(W) + O(c2),
W(0,0,z) = & — il + O(c?)

Asymptotic expansion: W = W+ c2W 1 + O(c™%)

2 (i0p+1)Wo=0 — Wo(t,0,z) = ePwy(t, x)
O (10 + )Wy = —id,Wo+ AW+ (W) |-e=?] [Z7d8

1 1 [ .
0 = —idywo(t,x) + §Awo(t, x)+ 7 / e U f(e%wy(t,x))do
T Jo

wo(0,z) = ®(x) — i (z).
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Asymptotic expansion: Main result

C%attz —Az+ 2= MNzPz, 2(0) =@, 9,2(0) = 2y, > 1.

First correction term: zo(t, ) = Suo(t, z)e"t + Log(t, x)e =",

) up) _ 1 UuQ 1 2 fuo + 6*21'91)*0)
0 <vo> N 2A <v0> + 27r/0 (f(vo + e_zwﬂo) do

F(&) = MEIPPE, uo(0, ) = o(x) —in(x), vo(0, ) = @(x) + i (x).
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Asymptotic expansion: Main result

C%attz —Az+ 2= MNzPz, 2(0) =@, 9,2(0) = 2y, > 1.

First correction term: zo(t, ) = Suo(t, z)e"t + Log(t, x)e =",

a (1) =38 () o [ G o)
F(&) = M, uo(0,2) = p(w) — iry(x), vo(0, ) = p(x) +in().

Theorem: Let s > d/2, ¢,y € H***(T9). Then

AT, K >0 YVt <Ts : [[2(t ) — 20(ts )| s (19 < Ke 2
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Asymptotic expansion: Numerical demonstration

Figure: z, zp 1 ¢ =2 Figure: z, 2o : ¢ =8

Figure: z, zp : ¢ = 80
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Higher asymptotic expansion

W :RxTxT—C: (t0,x) = W(tc* z) =wt )

iOW +ic20pW = —c(V)W + (V) F(W),
W(0,0,2) = ® —ic(V);'T

o Expand (V). = vV—-A+cZupto O(c 2VA2N)

o W= e W, + O(c N2
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Higher asymptotic expansion

W :RxTxT—C: (t0,x)— W(tc* z)=wt )

iOW +ic20pW = —c(V)W + (V) F(W),
W(0,0,2) = ® —ic(V);'T

o Expand (V). = vV—A + c2 up to O(c 2N AZY)

o W = ZnNzo cTIW, + O(c2HV )

(i0g + YW, =(—i0 + 3A)W 1
+df(Wo) - W1 + R, (A" W ;|5 <n—2)
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Higher asymptotic expansion

W :RxTxT—C: (t0,x)— W(tc* z)=wt )

W +ic? W = —c(V) W + (V) f(W),
W(0,0,2) = ® —ic(V),'T
o Expand (V). = vV—A + c2 up to O(c 2N AZY)

o W= "W, +O(c2N2)

(i0g + YW, =(—i0 + 3A)W 1
+df(Wo) Wi+ Ry (A" W |j <n—2)

= W, (t,0,x) = i’él eik(’w%k)(t,a:), P, < 00.
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Higher asymptotic expansion: Main result

Theorem: Let s > d/2, ¢,y € H*?N+4(T9). Then ICN,Ts > 0

N-1
Vit <Ts : |lw(t, ZC*Q"W (t, %, )| g (1) < Cne™ 2N+,
n=0

Figure: “exact solution”, 1st corr. term, 2nd corr. term (¢ = 4)
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Cubic case:

construction of numerical schemes
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c™2),
where
iByug = 3Aug — $A(|uol? + 2vo|?)uo, uo(0) = ¢ — iy
0o = 3Av9 — gA(Jvol? + 2luol*)vo, v0(0) = @ + iv.
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c™2),

where
iOuo = £Aug — A (Jug|* + 2|vo|?)uo, uo(0) = ¢ — iy
10vg = %Avo — %/\(]v0|2 + 2|uo|?)vo, v0(0) = @ + 7.
Strang splitting: (time step 7) &7 ~ ®3/% 0 &7, 0 &7/*
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Convergence analysis

2(t,x) = Sug(t, z)e’t + Log(t, 2)e ™ 4 O(c72),
where
0o = 5Aug — $A(|uol? + 2Jvo|?)uo, uo(0) = ¢ — iy
1000 = %Avo — %)\(]vo|2 + 2|uo|?)vo, v0(0) = ¢ + 7.

Strang splitting: (time step 7) &7 ~ ®3/% 0 7, 0 B>
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c™2),
where
0o = $Aug — $A(|luol? + 2Jvo|?)uo, uo(0) = ¢ — iy
0o = $Avg — FA(Jvol? + 2|uol*)vo, v0(0) = @ + iv.

Strang splitting: (time step 7) &7 ~ ®3/% 0 &7, 0 &7/
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c2),
where
iByug = 3Aug — $A(|uol? + 2vo|?)uo, uo(0) = ¢ — iy
0o = 1 Avg — £A(Jvol? + 2|uo|*)vo, v0(0) = ¢ + 7.
Strang splitting: (time step 7) &7 ~ ®3/% 0 &7, 0 &7/
Error: For sufficiently smooth ¢, v

l2(tn, ) — 2"

LZ(T) S 0(7'2 + h/s + 0_2), nTt S Ts.
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c™2),
where
iByug = 3Aug — $A(|uol? + 2vo|?)uo, uo(0) = ¢ — iy
0o = 1 Avg — £A(Jvol? + 2|uo|*)vo, v0(0) = ¢ + 7.
Strang splitting: (time step 7) &7 ~ ®3/% 0 &7, 0 &7/
Error: For sufficiently smooth ¢, v

l2(tn, ) — 2"

LZ(T) S C(T2 + hs + 6_2), nTt S Ts.
Cf. Gautschi: ||z(t,, ) — z"7h||L2(T) < C(r%c + ko)
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Convergence analysis

2(t,x) = Yug(t, )t + Lug(t, z)e i 4 O(c™2),
where
iByug = 3Aug — $A(|uol? + 2vo|?)uo, uo(0) = ¢ — iy
0o = 3Av9 — gA(Jvol? + 2luol*)vo, v0(0) = @ + iv.
Strang splitting: (time step 7) &7 ~ ®3/% 0 &7, 0 &7/
Error: For sufficiently smooth ¢, v

l2(tn, ) — 2"

L2(T) < C(T2 + h® + 6_2), nt < Ts.
Cf. Gautschi: ||z(tp, ) — z"7h||L2(T) < O(r2c* + h9)
Higher order asymptotic (up to /) + numerical method (order k):

|z(tn, ) — z"’h||L2(T) <Cr +h+¢?), nr<T,.
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Energy & charge

2(t,x) = Lug(t, 2)e™t + LTg(t, w)e " + O(c2),
where
iByug = 5Aug — $A(|uol? + 2Jvo|?)uo, uo(0) = ¢ — iy
10pvg = %Avg — %)\(lvo|2 + 2|uo|?)vo, v0(0) = ¢ + 7.

1

Qz) = 22 / 20Z — 20z dx = Qo + ¢ 2Q1 + O(¢™)
E(Z) —C (Qu - Qv) = 80 + 0_281 + 0(6_4)
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Energy & charge

z(t, Luo(t, x eic’t 4 1Tt e~ 4 O(c2 ,
=32 2
where

iByug = 5Aug — $A(|uol? + 2Jvo|?)uo, uo(0) = ¢ — iy
10pvg = %Avg — %)\(lvo|2 + 2|uo|?)vo, v0(0) = ¢ + 7.
Qz) = 212 / 20Z — 20z dx = Qo + ¢ 2Q1 + O(¢™)
E(2) —A(Qu—Qy) =& +c 25 +0(c™

1
Qo(uo, vo) = 7 (||u0||%2(1r) - HUOH%Q(T)) ;

Eo(uge™t, voe™t) = /T L(Vuol? + | Vvo|?) — o5 |uo + Toe 2|t da
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Numerical results

(cubic Klein-Gordon)
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Numerical result: first correction term

o = ZHcos(z), y = ‘b%”sm( )+ heos(a), A = —1, T = 0.1
10°
éw"
%10’2
I
LS00
=
=
2 10*
+y =
10” > 3
10 10 10

V2e

Figure: Ref. solution Gautschi (7 = 10~9), first-order approx. zo
(r = 1072). The slope of the dash-dotted line is two.
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Numerical result: first-& second correction term

¢ = cos(z), v = Isin(z) + Scos(z), A = —1, T = 0.1

Figure: Ref. solution Gautschi (7 = 10~7) first- and second-order
approx. zp and zo + ¢~ 221 (7 = 10~2). The slope of the dash-dotted
and dotted line is two and four, respectively.
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Numerical result: energy deviation &£y(t)

n,h
0" |

&~ &

n,h

€™~ &

x10° c=4 2x1o’5 c=38
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Figure: Deviation of first energy correction term &y (t).
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Numerical result: charge deviation Q(t)

x107"°

t

Figure: Deviation of first charge correction term Qo (t).
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Numerical result: energy deviation of E(z)

5 c=4 ., c=8 - c=16
15 :iz_u/o 15 E{’ 15
53] K

1 /L 1 { I /_l\ 1
05 g"No 05 ’ gNo 05 ﬂ mm
0 E 0 E O “

0 . 1 0 . 1 0 . 1
. c=32 . c=64 . c=128
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1 |
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Figure: Energy deviation of zo: |E(20(0)) — E(z0(t))] = O(1).
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Numerical result: charge deviation of Q(z)

x10" c=4 _ x10° =38 15><10'5‘c:16
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