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Quelques membres de l’orchestre

Les idées qui parcourent cet exposé sont le fruit de travaux en
collaboration avec V. Bonnaillie-Noël, M. Dauge, N. Dombrowski, F.
Faure, N. Popoff et S. Vũ Ngo.c.
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The Magnetic Laplacian (1)

This talk is devoted to self-adjoint realizations of the operator on L2(Ω):

Lh,A = (−ih∇+ A)2

where A : Ω→ Rd is smooth. Ω will always be simply connected.
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The Magnetic Laplacian (2)

By gauge invariance, the spectrum of Lh,A only depends on the magnetic
field:

β = ∇× A.
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A simple question

Can we provide asymptotic expansions of the eigenpairs of Lh,A when
h→ 0 ?
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A non simple answer

Many results have been obtained in the last fifteen years.

1 When the magnetic field is constant:
1 [BH97, BPT98, BS98, dPFS00] (2D, disk),
2 [HM01] (2D, smooth Ω),
3 [HM04] (3D, smooth Ω),
4 [FP11] (3D, ball),
5 [Bon05] (2D, corners).

2 When the magnetic field is variable:
1 [LP99, Ray09] (2D, smooth Ω, non vanishing β),
2 [Mon95, HM96, PK02, HK09, HK12] (2D, smooth Ω, vanishing β),
3 [LP00, Ray10] (3D, smooth Ω, non vanishing β),
4 [Bon05, BND06, BNF07] (2D, non vanishing β, corners).
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Fugue des idées

The previous results concern the first few terms of
λ1(h) or/and essentially use, in addition to the
construction of trial states, “space methods” such
as:

1 partitions of unity,

2 semiclassical localization estimates à la Agmon.

In most of these papers, the idea is to fly quickly to
an estimate of λ1(h) in the perspective of
Ginzburg-Landau theory.
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Absence of “structural” results

1 One of the deepest properties of the magnetic Laplacian is the
microlocalization of its eigenfunctions.

2 This property is not investigated in the previous results (it sometimes
makes a fleeting visit). The only paper explicitly dealing with
microlocalization and its relation with the structure of the spectrum is
[FH06].

3 The absence of results concerning λn(h) (n ≥ 2) reflects the lack of
understanding of the normal form(s) of the magnetic Laplacian or,
equivalently, of a general technique of investigation (even in [FH06] a
“normal form” is not provided).
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Motivation

1 To get results in the same shape as for the electric Laplacian
(obtained through the harmonic approximation).

2 To know λn(h) (n ≥ 2) implies the approximation of the
eigenfunctions (which is almost never known).

3 To estimate the spectral gap λ1(h)− λ2(h) in generic cases is a first
natural step before understanding the exponentially small gap in the
case of symmetries (tunnel effect).

4 Challenge: In the electric case, the size of the gap is directly related
to the transport equation in the WKB construction which fails in the
magnetic case.
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General philosophy

Microlocalization ⇔ Normal Form ⇔ Structure of the spectrum

N. R. (IRMAR) Symphonie magnétique 20 décembre 10 / 54



Sarabande des idées

1 Find a normal form (in the spirit of the Birkhoff normal form): Apply
an explicit version of Egorov’s theorem (Fouriors).

2 Construct formal power series to approximate the eigenpairs.

3 Prove local and then microlocal estimates satisfied by the
eigenfunctions.

4 Use the Feshbach-Grushin projection to reduce the magnetic
Laplacian to an electric Laplacian.

5 Spirit: Gårding inequalities for operators valued symbols.
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Normal Forms Symphony, 1st movement: The BO guys

Paper “Generator” Nature

[BDPR11] ξ2 + µ(x) electric, 2D, unbounded

[DR12a] ξ2 + V (x) broken waveguide, triangles

[Ray12a] x2 + µ(ξ) non vanishing magnetic field, 2D,
bounded

[DR12b] x2 + µMont(ξ) vanishing magnetic field, 2D, unbounded

[PR12] x2 + ν(ξ) constant magnetic field, 3D, lens
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Normal Forms Symphony, 2nd movement: The loners

Paper “Generator” Nature

[Ray12c] fθ(x2 + ξ2)σ
(

sin θ
cos θ+x2+ξ2

)
3D, smooth boundary

[FRVuN12] β̃(x2, ξ2)(x2
1 + ξ2

1) non vanishing magnetic field, 2D

[BR12b] LLaguerre constant magnetic field, 3D, cone,
non semiclassical

[BR12a],
[Ray13]

µ•(x , ξ) vanishing magnetic field, 2D, bro-
ken line

See the notes [Ray12b].
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Let us now explain the reduction strategy of the magnetic Laplacian with
an example.
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Figure: Nicolas and Nicolas
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Vanishing magnetic fields

We consider a vector potential A ∈ C∞(R2,R2) and we consider the
self-adjoint operator defined by:

Lh,A = (−ih∇+ A)2.

In order Lh,A to have compact resolvent, we will assume that:

(3.1) β(x) →
|x |→+∞

+∞.
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We investigate the case when β cancels along a closed and smooth curve
Γ in R2.
We let:

Γ = {γ(s), s ∈ R}.

We assume that β is non positive inside Γ and non negative outside.
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Montgomery Operator

For η ∈ R, we consider the self-adjoint operator M(η) in L2(R):

(3.2) M(η) = D2
t +

(
−η +

t2

2

)
2.
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Generic Assumption

We consider the normal derivative of β on Γ, i.e. the function
δ : Γ 3 x 7→ ∂nβ(x). We will assume that:

(3.3) δ admits a unique, non-degenerate and positive minimum at x0.
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Theorem

We assume Assumptions 3.1 and 3.3. For all n ≥ 1, there exist a sequence
(θn

j )j≥0 such that:

λn(h) ∼ h4/3
∑
j≥0

θn
j hj/6

where:

θn
0 = δ

2/3
0 µMont(η0), θn

1 = 0,

θn
2 = δ

2/3
0 C0 + δ

2/3
0 (2n − 1)

(
αµMont(η0)

(
µMont

)′′
(η0)

3

)1/2

,

where α > 0.
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Using canonical transformations, the operator takes the form “à la
Hörmander”:

(3.4) Ľ(h) = P1(h)2 + P2(h)2 − h2k(σ)2

4m(σ, δ(σ)1/3τ)2
.
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We perform the scaling:

τ = h1/3τ̂ , σ = h1/6σ̂.(3.5)
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We expand the new operator in powers of h1/6 in the sense of formal
power series:

δ
−2/3
0 L̂(h) ∼

∑
j≥0

Ljh
j/6,

with

L0 = D2
τ̂ +

(
−η0 +

1

2
τ̂2

)2

,

L1 = −2Dσ̂

(
−η0 +

1

2
τ̂2

)
,

L2 = D2
σ̂ +

2

3
ασ̂2L0 + L,
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We look for quasi eigenpairs in the form:

λ ∼ h4/3
∑
j≥0

θjh
j/6,

ψ ∼
∑
j≥0

ψjh
j/6

so that, in the sense of formal power series:

(3.6) L̂(h)ψ ∼ λψ.
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The ingredients are the Feynman-Hellmann
formulas and the Fredholm alternative.
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A rough estimate

Proposition

For all n ≥ 1, there exist h0 > 0 such that, for h ∈ (0, h0):

λn(h) = δ
2/3
0 µMont(η0)h4/3 + O(h4/3+2/15).
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The rough approximation of the eigenvalues provides rough localization
properties (of the eigenfunctions) which can be written either in terms of
Agmon estimates or, more generally, in a pseudo-differential fashion.
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For all N ≥ 1, let us consider L2-normalized eigenpairs (λn(h), ψn,h)1≤n≤N

such that 〈ψn,h, ψm,h〉 = 0 if n 6= m. We consider the N dimensional space
defined by:

EN(h) = span
1≤n≤N

ψ̌n,h.
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The most delicate part of the analysis (Agmon estimates deeply fail !) is to
prove nice localizations with respect to the tangential variable and its dual.

Proposition

For all N ≥ 1, there exist h0 > 0, C > 0 such that, for h ∈ (0, h0) and for
all ψ̌ ∈ EN(h):

‖σψ̌‖ ≤ Ch1/6‖ψ̌‖, ‖Dσψ̌‖ ≤ Ch−1/6‖ψ̌‖.

We need to use the generalized “IMS” formula:

<
(
A2P2

)
= AP2A + [A,P]2 + < ([A, [A,P]]P) ,

for A,P formally self-adjoint.
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Combining the microlocalization results and the Feshbach projection, our
operator can be approximated (in a suitable sense) by:

δ
2/3
0 h2D2

τ +

(
δ−1/6ih∂σδ

−1/6 − η0h2/3 +
τ2

2

)
2 +

2

3
δ

2/3
0 αν1(η0)h4/3σ2

+ C0h5/3 + o(h5/3).
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It remains to diagonalize δ−1/6i∂σδ
−1/6:

δ
2/3
0

(
h2D2

τ +

(
−hµ− η0h2/3 +

τ2

2

)
2

)
+

2

3
δ

2/3
0 αν1(η0)h4/3D2

µ

+ C0h5/3 + o(h5/3).
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Many magnetic questions reduce to the study of operators on L2(R× Ω)
(with Ω ⊂ Rd) in the form:

H(h) = h2Dη
2 + A(η).

We refer to the classical references dealing with the Born-Oppenheimer
approximation [BO27, CDS81, Mar89, KMSW92].
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Heuristics

We now try to understand the heuristics. We hope that H(h) can be
described by its “Born-Oppenheimer” approximation:

HBO(h) = h2Dη
2 + ν(η),

with is a 1D electric Laplacian. Then, we guess that HBO(h) is well
approximated by its Taylor expansion:

h2D2
η + ν(η0) +

ν ′′(η0)

2
(η − η0)2.

Therefore we imagine that the lowest eigenvalues of H(h) satisfy:

λn(h) = ν(η0) + h(2n − 1)

(
ν ′′(η0)

2

)1/2

+ o(h).
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Figure: Nicolas and Nicolas
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Magnetic Lens

We consider the Neumann realization of the magnetic Laplacian
Lh,A = (−ih∇+ A)2 on Ω when Ω has the shape of a symmetric lens.
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−→
β

Figure: Lens with constant aperture in constant magnetic field.
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⊙ s

Γ

z

t α

Figure: Lens with aperture α.
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Under generic assumptions on the aperture of the lens, we have:

Theorem

For all n ≥ 1 there exists a sequence (µj ,n)j≥0 such that:

λn(h) ∼
h→0

h
∑
j≥0

µj ,nhj/4.

Moreover, we have:

µ0,n = ν(α0, η0), µ1,n = 0,

µ2,n = C0 + (2n − 1)
√
κτ−1

0 ‖Dẑuη0‖2∂2
ην(α0, η0).
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Insights of the Cold Song

Figure: Virginie and Nicolas
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Magnetic Peak Power: [BR12b]

B

α

Cα

Figure: Magnetic
Peak

We consider the Neumann magnetic Laplacian
(−i∇+ A)2 on a cone of aperture α. We prove
that:

λn(α) ∼
α→0

α
∑
j≥0

mj ,nα
2j ,

where m0,n = (4n−1)

25/2 . ( 3
25/2 <

1√
3

).
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Breaking a magnetic zero locus: [BR12a], after
Montgomery

Figure: Breaking a magnetic zero locus
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Souvenirs: [DLR12, DR12a]
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Breaking a magnetic zero locus: [BR12a], after
Montgomery

Figure: Breaking a magnetic zero locus
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Breaking a magnetic zero locus: [BR12a], after
Montgomery

Figure: Effective symbol µ(x , ξ)
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Coming soon: [Ray13]

The model operator is given by:

D2
t +

(
sgn(t)

t2

2
− ξ0 − α0t + (tan θ)1/2(Dσ − σt)

)
2.

Ideas:

1 Coherent states, Anti-Wick, FBI: choose your favorite concept.

2 Prove that, thanks to microlocalization, at each step, the formal
analysis is not formal.
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Figure: When Nicolas knocks on San’s door
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Coming out of the symplectic geometry

We study the magnetic Laplacian Lh,A = (−ih∇− A)2 on R2. Its symbol
is given by

H(q, p) = ‖p − A(q1, q2)‖2 = (p1 − A1(q1, q2))2 + (p2 − A2(q1, q2))2.

We consider the zero set of the Hamiltonian function H:

Σ = {(q, p) ∈ R4 : p1 = 0, p2 = A2(q1, q2)}.

With our choice of gauge, we have: (0, 0, 0, 0) ∈ Σ.
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Lemma

There exist local symplectic coordinates near (0, 0, 0, 0) denoted by
(x̂1, x̂2, ξ̂1, ξ̂2) such that:

Ĥ(ẑ1, ẑ2) = β̃(x̂2, ξ̂2)
(

x̂2
1 + ξ̂2

1

)
+ O(|ẑ1|3).
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By using the pseudo-differential calculus, we can prove that the
eigenfunctions are living in an ε0-neighborhood of 0 with respect to ẑ2 and
in an hδ-neighborhood of 0 with respect to ẑ1.
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Birkhoff Normal Form

Through a formal power series analysis and Egorov’s theorem, we can
prove that the spectrum (below C0h) of Lh,A can be described by the one
of:

Opw
h

(
β̃(ẑ2)|ẑ1|2 + c0(ẑ2)h + (γ(ẑ2)|ẑ1|4 + c1h2) + · · ·

)
.
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Symphonie des adieux

Let us summary the evolution of ideas related to the semiclassical spectral
analysis of the magnetic Laplacian:

1 Getting a few terms of λ1(h),

2 Getting all the terms of λn(h) through the Born-Oppenheimer
approximation,

3 Getting access to higher energies through the Birkhoff normal form.
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Symphonie inachevée

The perspectives are numerous:

1 Implement the Birkhoff normal form in 3D,

2 Add a boundary in the Birkhoff normal form,

3 Generalization to even dimension,

4 Study the effect of axisymmetry in 2D,

5 Case with variable magnetic field and edges,

6 Study the case of vanishing magnetic fields,

7 The only limit is imagination (and physical motivation !).
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What sort of knowledge is there which would
draw the soul from becoming to being ?

Plato
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Figure: Joyeux Noël !
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Virginie Bonnaillie, Monique Dauge, Nicolas Popoff, and Nicolas
Raymond.
Discrete spectrum of a model schrödinger operator on the half-plane
with neumann conditions.
Z. Ange. Math. Phys., 2011.

Catherine Bolley and Bernard Helffer.
The Ginzburg-Landau equations in a semi-infinite superconducting
film in the large κ limit.
European J. Appl. Math., 8(4):347–367, 1997.

Virginie Bonnaillie-Noël and Monique Dauge.
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Submitted, 2012.

Nicolas Dombrowski and Nicolas Raymond.
Semiclassical analysis with vanishing magnetic fields.
To appear in JST, 2012.

Soeren Fournais and Bernard Helffer.
Accurate eigenvalue asymptotics for the magnetic Neumann
Laplacian.
Ann. Inst. Fourier (Grenoble), 56(1):1–67, 2006.

Søren Fournais and Mikael Persson.
Strong diamagnetism for the ball in three dimensions.
Asymptot. Anal., 72(1-2):77–123, 2011.

Frédéric Faure, Nicolas Raymond, and San Vũ Ngo.c.
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