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Introduction

Highly-oscillatory problems with periodic time-dependence

Highly-oscillatory problems with periodic time-dependence

We consider a highly oscillatory problem in a (functional) Banach space X:

(P.) %uE(t) = fue(WS®), w(t)eX,
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=
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UOEX,

where
» ¢ is a possibly small parameter (scales as the inverse of a frequency).

» (0,u) — fo(u) is given, smooth and P-periodic with respect to 6.

Assumption: There exist 7' > 0 and a bounded open subset X' C X s.t., for all
e €]0,1], (P-) admits a unique solution u € C*([0, T, K).

Numerical difficulties: Standard schemes lead to ||u® — u®2f| < C(Ag—f])p,
q > 0, forcing At < £9/? and thus formidable costs for small values of ¢.

Partial remedy: Averaging methods lead to ||u® — u®®t| < C((AL)? + £9).

Aim: Construct uniformly accurate methods, i.e. [[u® — u™t|| < C(AL)P.
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Introduction

Examples (i)

Our examples are of the form

d 1
7627146 £
i v+ )

where 0 — ¢’* is periodic with respect to 6.

To filter out the highly oscillatory dynamics, we introduce the unknown
w(t) = e Ey (D)

which satisfies

D — et p (Hhr ) = £t (e)

€

Here we have

folw) = e ("M (1))



Introduction

Examples (ii)

» The nonlinear Klein-Gordon equation in the nonrelativistic regime!

1 . Lo
edpu® — Au® + —u® + f(u®) =0, zeRY >0,
€

» Schrodinger equation and Gross-Pitaevskii equation

- 1 - . N ..
10" = —=AY° + alyp®Py° with periodic boundary conditions
€
s e __ 1 € w 2 e 12 1€ d
100" = —=AY° + —|z|"Y° + a7y on R
€ €

» Vlasov-Poisson in a strong uniform magnetic field

) X B R
v X V=0

Of +v-VaofS+E-Vof°+ ;

1Bao-Dong 2012



Averaging methods

Averaging results (i)

Averaging methods assert that (for sufficiently small ) there exist

© a P-periodic change of variables
(ryu) €T x X — dZ(u) € X
@ a smooth, autonomous vector field and its flow-map

e ueXw— I (ueXx
d

o GUoV@eEX L) =F (W)
such that
vt € [0, 7], ] W (t) — 5 0 UF o (@3)—1(u0)Hx <Ce %,

(R

high-oscillations slow drift perturbation

ref.: Bogoliubov-Mitropolsky 1930’, Perko 1968, ...
and their adaptation to PDEs: JFOCM 15, Castella-C.-Méhats-Murua



A ing methods

Averaging results (

Various possibilities exist for the change of variables (it is not unique). Two
choices have become prominent:

» in classical averaging (such as used in KAM theory), one takes

(PE)(+) = 1 / O ()dr = id;
IT| Jx
» in the so-called stroboscopic averaging, one imposes
D5(-) =id.

Second choice entails two advantages: it preserves geometric properties and it
is amenable to numerical methods.



Averaging methods

Averaging (iii): equations for averaging

By differentiating with respect to time ¢
ut(t) = i/ 0 Wi o (05) " (uo) = Bf/. 0 Wi(iho), o = (¥5) ' (uo),
and remembering that

d £ _ e £
&\Pt (u) = F*(¥;(u))

we obtain formally
éaei’f/g(\l/f(%)) + 0Py (Vi (10)) F° (Vi (th0)) = feye(Pi/o (Vi (th0))
and then by taking g = V<, (u)
0o P (u) + 0, P (u) F° (u) = e fg o Dy (u).
Taking the average in 0 of this equation yields
F* = (0,07 ( 0 0°)

This is a closed system of equations on ®g and F*©...

which has no exact solution in general (Neistadt). However, one can use it to
construct two sequences (<I>[6"])n20, (FI"),,>0 which "approximate” ®; and F°




Averaging methods

Averaging (iv): truncations

Starting from o = id we define for k=0, 1,...
_ 0
FIF = <au<1>“€]> 1<foq>““]>, Y = idx—sG[kH]—l—s/ (f,o(I)Lk]—(?u@Lk]F[k]>dT
0

where G**1 is chosen to ensure that ®f = idx or (®°) = idx. Then F*! and
@Ekﬂ] satisfy previous closed system with (zero average) defect

1 . ) .
s () = ga@g’” (w) + 8, O (W) ™ (w) — fo 0 @ (u).

Theorem (Castella, C., Murua and Méhats, JFOCM 15)

Under appropriate regularity assumptions, there exists g > 0 such that the
maps ®*1 and FI*! are well-defined for (k4 1)e < g0, ®¥! is continuously
differentiable w.r.t. 6 and there exists M > 0 such that

k
sup ||65)| < M <2(k + 1)i> :
6eT €0

. . . _c .
By choosing k as a function of € one obtains the C'e™ = error term of averaging.



Averaging methods

Averaging (v): stroboscopic versus standard averagings

From the stroboscopic decomposition u®(t) = ®7,. o ¥§(uo) with ®f = idx,
we may write (once again formally at this stage)

u(t) = 7). 0 (0°) 1o (D7) 0 WS 0 (B°) o (D7) (uo).
~~

<i>§/f N (@5)~1

It can indeed be checked, on the one hand, that

(%) = (37 0 (7)) = (B%) 0 (8°) ! = id
and

D5 = P50 (%) =idy o () = (D)7,
and on the other hand, that

L0 (o) = (((0u(0°) F)o{@%) ™) 0 (uo) = (fob* )l (o) = F* 0 (uo).

The maps ®°, U° and F* correspond to standard averaging and we have
05 = 65 0 (D7) 1.
Conversely, we may relate @ to ®° through the formula

5 = P50 (¥5) 7.



Averaging (vi): first terms for stroboscopic averaging

Step 0: @gl](u) =u, FOu) = (f) (u)

0
Step 1 dl!(u) :u+e/ (Fr(u) — () dB
Fll(u) = <au(r>[”>_1 (fool)
=0 =55 | | 1) fo(wldodr + 0(e?)

Previous theorem shows that

uf(t) = o o Wl (ug) + O(F).

In the limit € — 0, we have u®(t) = U9 (ug) + O(e) with

(Po) : a\lfg(t) = (N,
W00) = wuoeX.




Micro-macro numerical method

: an assessment

Standard use of averaging methods consists in the simulation of

d . ] €
&‘I’f = F"(v7)

(possibly) complemented with the computation of (Dg,k].

Pros of averaging
» models are non-stiff and do not suffer from severe constraints on the time
step when ¢ is small

» preserve part or all geometric structures for stroboscopic averaging

Cons

» for values of ¢ away from 0 one needs to include many terms in the
expansion leading to important costs

» methods based on the (numerical or not) computation of the averaged
vector field F'° lead to an incompressible error term owing to the
truncation of the series



Micro-macro numerical method
Uniformly Accurate schemes

Main drawback of an Asymptotic-Preserving schemes

» intermediate regimes may suffer from order reduction.

Our aim is ow to construct here uniformly accuracy (UA) schemes with errors

sup
c€l0,1] [lus |

where p is the order of the numerical method and C does not depend on &.

Computational cost must not degrade when ¢ — 0 and a certain number of
corrective terms in ¢ should be captured by the method (not only the limit Pg).



Micro-macro numerical method

New approach: micro-macro method (i)

If we insist on solving an autonomous equation
W) = P (v ), ol @) =,
then we retain the information contained in the remainder
(o) = u (1) = 2L o W o (26) 7 (o),
which obeys the following differential equation
G0 o) = () = (Zown )L+ 2oL P ) (0 o))
= fuye (1], 0 W a0) + G1w) = fue (2. w1 (a0) ~ 8L (91 a0

with o = (@) (uo).



Micro-macro numerical method

New approach: micro-macro method (ii)

The remainder w® = G/*! (1) solves the micro equation

(1) = fo () 0 W) (o) +w' (1) — fo () 0 W) (a0)) = 8 (W} 0)),

o(t) =t/e,
a0 = (907) " (uo),
w*(0) =0

o° = FH %), 0°(0) = (@) (uo)
[

L) +wt) = fuge (2L (09) =880, wf(0)=0.




Micro-macro numerical method
New approach: Pullback method

If we insist on satisfying the equation
(P uf(t) = @ oW o (2) 7" (uo),
then the autonomous equation can not hold and should instead be amended to
B (0) = F™M o WM (a0) + REL (W (0)), W (di0) = 0.
By differentiating (P) we have

0=u(t) - gaeéi’;u\vﬁ”(uo)) — 0, @) (W (10)) W} (10)
. 1 .
= 0w (U (a0)) (K1 (0 o)) — 0 (o)) — Z67L (W] (wo)),

and we get
N\ -1
R = _ (auq)g»]) hish
This leads to the following pulled back equation

o= (0u2)) " (feo 0l w) = 200 @), 0(0) = (®)) (o), (1)

from which the solution can be recovered as u®(t) = f/:( v(t)).



Micro-macro numerical method

The four methods

Both the micro-macro and the pullback formulations are useful for the design
of uniformly accurate numerical schemes. They can be considered for
stroboscopic and standard averagings, yielding four different approaches.

Stroboscopic averaging Standard averaging
Pullback method ol =idx, g™ =0 | (o)) =idx, gM =0
Micro-macro method (I)E)k] =idx, RF =0 | (@*) =idy, RF =0

Table: Designing choices for uniformly accurate averaging.

The main argument underlying our approach is now the following:

Theorem (C., Lemou, Méhats and Vilmart, 2017)

If f is C? w.r.t. 0, ®* and 6! are resp. CP*™* and C? w.r.t. 6 for
(k+ 1)e < e9. Moreover, there exists M > 0 such that
v <[k] g\~
VO<v<p, suplldgdy’|<M(MkE+1)—) .
6eT €0




Micro-macro numerical method

A word on the boundedness of time-derivatives

Now, it is apparent that the micro-macro system is of the form
o = FM (%), »%(0) = uo

it = AF (07, w)w® + by(v°), wT(0) =0
0=t/e

where:

Q@ A and b are smooth w.r.t. v, w if f is itself sufficiently smooth w.r.t. u;
@ A and b are p-times differentiable w.r.t. 0 if f is;

Q the k"-derivative of b w.r.t. 0 up to k = p are bounded by &*.

Fundamental consequence (from Gronwall lemma): uniform boundedness

If fis of class C? w.r.t. 6 with p > k, then

Ve €]0,1], YO<s<k+1, Vtel[o,T], ’—w




Micro-macro numerical method

Advantages of this method

Q It is clear that if U° and w® satisfy the micro/macro equations, then

us(t) = <I>£’;]E (Uf (o)) + w" (t) satisfies the original equation

Dot 1) = fugeler 1),

In contrast with usual averaging, our micro/macro method is not an
approximation and contains whole the information of the original problem.



Micro-macro numerical method
Advantages of this method

Q It is clear that if U° and w® satisfy the micro/macro equations, then

us(t) = <I>£’;]E (Uf (o)) + w" (t) satisfies the original equation

Dot 1) = fugeler 1),

In contrast with usual averaging, our micro/macro method is not an
approximation and contains whole the information of the original problem.

@ The fact that w® has bounded time-derivatives with respect to ¢ allows to
use standard numerical methods for the micro/macro system with uniform
accuracy with respect to €.



Micro-macro numerical method

Uniformly accurate numerical schemes applied to the micro-macro system

A standard numerical scheme applied to the equation

L o(t) = o (82, y(1))

is of conventional order p if
V0 <e<eg, IC., YO<At<Aty, [y"—yt")] <CA.
It is of uniform order p if
3C >0, V0<e<ey, VYV0O<At<Aty, [y"—yit")| <CAP".

If y(t) and ¢ have (p + 1) derivatives uniformly bounded w.r.t. £, then a
standard method of conventional order p is also of uniform order p .

Take-away message:

A p-th order standard scheme is of uniformly accurate of order p when applied
to the micro-macro system provided ®®! and FP! are used.




Micro-macro numerical method

gral numerical scheme

In practice, it is better to use a scheme based on Duhamel formulation:

gnt1/2

y'n,+1/2 _ yn + / gs(t/f,y”)dt
Jn
1

y" =" +/ g°(t/e,y"T/?)at.
i
Note that the function g being periodic with respect to its first variable, the
integral can be computed numerically spectrally by using Fourier
decompositions.

For this problem, one only needs two derivatives of y and one derivative in time
of g. Here, " and F'!) are sufficient to build the micro/macro model.



Numerical results
The Hénon-Heiles model

We first consider the Hénon-Heiles Hamiltonian model parametrized with &:
2 2 2 2
N N 2 13
H =&, 2 4, 42 _ -
(q1,92,p1,P2) 9: T3 Tosty Taie— 50

Which is highly oscillatory for small ¢ is small. The associated filtered system,
satisfied by the variable u(t) € R* defined by

wi (t) = cos (7) a1(¢) — sin (f) (),
W) = ax (1)
u5(t) = sin (f) 41(8) + cos (f) o)

This variable u®(t) satisfies the system

Lo =1 (L), @)

with
= 2sin 6 (u1 cos 0 + us sin 0) us
u

= —2cos 6 (uy cos @ + uz sinf) uz

= —2(u1cosf + us sin@)2 + ug — Us.



Numerical results

Error versus At for e =27%, k€ {0,1,2,---,9}

slope 2

slope 2
w05t — 1 105t /

-10 1 -10 +
N / 10 %
ope § slope 4

10718 : . 1015 . .
1073 1072 107 10° 1078 102 107" 10°
At At

error
error

Figure: Left: Micro-macro method. Right: Pullback method.



Numerical results

Hénon-Heiles, pullback method, long time error on the energy E
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Figure: Left: ¢ = 1. Right: € = 0.001. Blue: order 2, At = 0.2. Red: order 2,
At = 0.1. Black: order 3, At =0.2.



rical results

Poincaré cuts for Hénon-Heiles model. Pullback method with midpoint rule
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Figure: Left: e =1, H = 1/12. Right: ¢ = 0.001, H = 1/6.



Numerical results

The nonlinear Klein-Gordon equation in the nonrelativistic regime (i)

This system reads
e0pu’ — Au’ + §u€+f(u5):07 zeR? t>0,
with initial conditions given as
u®(0,z) = ¢(x), Ot (0,z) = %"/(TL’), z e R
Let us write the equivalent first order system satisfied by the unknown
05 =uf —ig(1—eA) V2907, v° = uf —ie(1 —eA) " 29,uF,

Setting

(Wwf)))?

N =

Floes0-) = (#0452 1

we obtain

100" = %(1 LAV (1= eA)T V2R, of = (v5,0%).



The filtered form of the Klein-Gordon equation (ii)

Let us introduce the filtered unknown
~c —i% 5
u =e€ eV .
This quantity satisfies:
i@a€+/f~€:(1—5Ay*”e”éf(aéaﬁ
with

Aezl(m_l).

€
This self-adjoint operator is not singular as ¢ — 0, indeed, for all ¢ > 0, we have

OgAFg—%A

in the sense of operators.



Numerical results

Numerical tests for the nonlinear Klein-Gordon sys

We test the following numerical methods:
» Qur second order method: UA of order 2

> A third order method constructed with ®?! and F[?! by extrapolation: UA
of order 3

Note: the vector fields cannot be precomputed easily and the method contains
an additional variable 6 on which the averaged are computed. For instance
1 [ —1/2 —i0 7 ([ 0
— (1 —cA) e fe"u)dl
27 Jq

is computed by the rectangle formula (with spectral accuracy).



NKG model, error versus At for e = 107F, k € {0,1,2,--- ,6}

108} %/. 10° %
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Figure: Left: Micro-macro method. Right: Pullback method.



Numerical results

NKG model, pullback method, long-time errors on the invariant ) and

energy

1 0t ‘ ‘ ‘ x10°
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0 200 400 600 800 1000 0 200 400 600 800 1000

time time

Figure: Blue: order 2 with At = 0.01. Red: order 2 with At = 0.005. Black: order 3
with At = 0.01.



results

Work under completion

In the paper

Oscillatory evolution problems with degenerate time-dependent frequency,
C., Lemou, Méhats and Vilmart, to be submitted

the following situation is envisaged:
e (1) = @AU%) (W) e B, U@ =wo e BY, 120,

where
» ¢ lies in (0,1]
» A is supposed to be diagonalizable and to have only eigenvalues in iZ

» ~ vanishes at some instant ¢

Under these circumstances:
» an asymptotic analysis can be carried out

» uniformly accurate numerical methods can be constructed

This situation is not covered by the standard theory of averaging.



Numerical results
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