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Context and collaborations

• Consistency analysis with boundary layers
Semigroup estimates for the discrete hyperbolic initial boundary value
problems; work with J.-F. COULOMBEL

CEMRACS 2019 projet
supported by ANR Nabuco (2018-2022) artificial boundaries for
coupling hyperbolic and dispersive models in coastal oceanography
with J.-F. COULOMBEL, T.H.T. NGUYEN, A. SYLLA & S. TRAN TIEN

Improved convergence estimates for high order numerical schemes
for transport equations on bounded domains

• Stability analysis
T.H.Thương NGUYỄN, (PhD 2017-2020 adv. with N. SEGUIN)
Stiff stability analysis of discrete hyperbolic relaxation systems with
boundaries.

P. LE BARBENCHON (PhD 2020-.. adv. with N. SEGUIN)
Stability analysis of high order discrete boundary conditions.
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Finite difference schemes for transport problems
Multistep MOL schemes and Cauchy stability
Boundary conditions and numerical experiments

IBVP stability and discrete boundary layers
Stability theory for the discrete IBVP
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Explicit construction of the boundary layer expansion
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Multistep Method Of Lines schemes

Scalar one-dimensional outgoing transport equation (a < 0)

∂u
∂t

+ a
∂u
∂x

= 0, (x , t) ∈ R+ × R+

u(x , 0) = f (x), x ∈ R+

Explicit multistep "Method Of Lines" finite difference schemes
un

j ' u(j∆x , n∆t), CFL parameter λ = ∆t/∆x

k∑
σ=0

ασun+σ
j +

∆t
∆x

k−1∑
σ=0

βσ

p∑
`=−r

a`u
n+σ
j+` = 0 r ≤ j 0 ≤ n

un
j = f n

j := f (xj − atn) dx 0 ≤ j 0 ≤ n ≤ k − 1

un
j ← Numerical boundary conditions 0 ≤ j ≤ r − 1 k ≤ n
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k∑
σ=0

ασun+σ
j +

∆t
∆x

k−1∑
σ=0

βσ

p∑
`=−r

a`u
n+σ
j+` = 0, r ≤ j , 0 ≤ n

j

n

0 r0

k

un+k
j

k

r + 1 + p

un
j = ???

un
j = f n

j
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General ideas

Consistency the exact solution solves approximately the scheme.

Stability the solutions to the scheme depend continuously on data and
errors.

LAX-RICHTMEYER ’56 equivalence theorem

A consistent scheme is convergent iff it is stable.

Philosophy of the present work
• the numerical solutions of a given scheme also approximates many

"consistent" PDEs or problems (equivalent equation, etc.)
• when boundaries are involved, what are the corresponding "equivalent

equations"of the scheme ?
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The pure discrete Cauchy problem — consistency
k∑

σ=0

ασun+σ
j +

∆t
∆x

k−1∑
σ=0

βσ

p∑
`=−r

a`u
n+σ
j+` = 0 set over j ∈ Z

Fourier multiplier of the space discretization: A(κ) =
∑p
`=−r a`κ`, κ , 0

Linear multistep recurrence relation in time: let µ = −λA(κ) ∈ C
Characteristic polynomial Pµ(X) = ρ(X) − µσ(X)

with the two Dahlquist’s generating polynomials: ρ(X) =
∑k
σ=0 ασXσ,

σ(X) =
∑k−1
σ=0 βσXσ

Consistency with ∂t u + a ∂x u = 0

Consistency at order (1,1)

A(1) = 0, A′(1) = a,

ρ(1) = 0, ρ′(1) = σ(1) (= 1).

Consistency at order (p,q)

A(eiξ) − iaξ = O(ξq+1),

ρ(eh) − hσ(eh) = O(hp+1).
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The pure discrete Cauchy problem — stability

Time recurrence
k∑

σ=0

ασV n+σ − µ

k−1∑
σ=0

βσV n+σ = 0 ; Pµ(z) = ρ(z) − µσ(z).

Power boundedness of the associated companion matrices is fully
characterized by the Stability region of the multistep method
(refs. [Hairer-Wanner])

S =

µ ∈ C, Pµ(z) = 0⇒

∣∣∣∣∣∣|z | < 1, or

|z | = 1 and z is simple

 .
Stability characterization of the MOL scheme

The numerical scheme is (Cauchy-)`2 stable iff |κ| = 1⇒ −λA(κ) ∈ S.

∃C > 0, ∀∆t ∈ (0, 1), ∀(fσ)0≤σ≤k−1 ∈
(
`2

x (Z)
)k

sup
n≥0
‖un‖`2(Z) ≤ C

k−1∑
σ=0

‖fσj ‖`2(Z)

• advantageous case: stability is avalaible under a CFL condition: λ ∈ ...
7/33— B. Boutin
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Example of the AB3-5pts scheme (to be continued)

un+1
j = un

j − λ
(23
12

vn
j −

16
12

vn−1
j +

5
12

vn−2
j

)
vn

j := a
−un

j+2 + 8un
j+1 − 8un

j−1 + un
j−2

12
−
−un

j+2 + 4un
j+1 − 6un

j + 4un
j−1 − un

j−2

24

Pµ(X) = X 3 − X 2 − µ
(23
12

X 2 −
16
12

X +
5

12

)
A(κ) =

a
12

(−κ2 + 8κ − 8κ−1 + κ−2) −
1
24

(−κ2 + 4κ − 6 + 4κ−1 − κ−2)

Consistent at order (3,3).

Stability assumption:
(CFL parameter λ = 0.4)
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Dirichlet discrete boundary conditions

j

n

0 r0

k

un+k
j

un
j =???

un
j = f n

j
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Dirichlet discrete boundary conditions

j

n

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0 r0

k

un+k
j

un
j = f n

j
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Numerical experiments (1)

Lax-Wendroff scheme

un+1
j = un

j + ∆t
2∆x (un

j+1 − un
j−1) + 1

2

(
∆t
∆x

)2
(un

j+1 − 2un
j + un

j−1), j ≥ 1

Homogeneous Dirichlet b.c. un
0 = 0

Test case
initial data u(x , 0) = e−100(x−0.5)2

solution computed at final time T = 0.4 with decreasing space steps.

10/33— B. Boutin
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Numerical experiments (2)

Third order explicit scheme multistep (AB3 - 5pts in space)

Homogeneous Dirichlet b.c. un
0 = un

1 = 0

− expected accuracy partially destroyed: non-existence of discrete traces
↔ defective consistency at the boundary !

+ convergence still available far from the boundary
↔ form of stability seems to be available

11/33— B. Boutin
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Neumann extrapolatory discrete boundary conditions

j

n

0 r0

k

un+k
j

un
j =???

un
j = f n

j
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Neumann extrapolatory discrete boundary conditions

Neumann extrapolation at order kb ≥ 0

(Dkb
+ u)` = 0, 0 ≤ ` ≤ r − 1 where (D+v)j := vj+1 − vj .

• kb = 0 : homogeneous Dirichlet b.c.
• kb = 1 : u0 = u1 = . . . = ur

• kb = 2 : u1 − u0 = u2 − u1 = . . . = ur+1 − ur

• kb = 3 : u2 − 2u1 + u0 = . . . = ur+2 − 2ur+1 + ur

Lemma (Consistency of extrapolation)
Let m ∈ N. There exists C > 0 such that
for any v ∈ Hm+1(R) and ∆x > 0

|(Dm
+v)` | ≤ C∆xm‖v (m)‖H1(R), ` = 0, . . . , r − 1.

where we set, vj := 1
∆x

∫ j∆x

(j−1)∆x
v(y) dy . for j ∈ Z.

13/33— B. Boutin
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Numerical experiments (3)

Third order explicit scheme multistep (AB3 - 5pts in space)

Homogeneous Neumann kb = 1 b.c. un
0 = un

1 = un
2

− Still some artefacts...

+ but improved traces !

14/33— B. Boutin
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Numerical experiments (4)

Another worst behavior: incoming/reflected wave packets
? The leap frog scheme (J = 300) with Dirichlet homogeneous b.c.

un+1
j − un−1

j

2∆t
+

un
j+1 − un

j−1

2∆x
= 0, 1 ≤ j ≤ J − 1, un

0 = un
J = 0.

Bounded oscillating pattern
going back and forth
`2-stable discrete solution

un
j = znκj with z = κ = ±1.

un
j '

∑
z=κ=±1

znκjϕz,κ(xj−cz,κt
n).

15/33— B. Boutin
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Stability theory for the discrete IBVP [GUSTAFSSON, KREISS, OLIGER]

Let (un
j ) be the numerical solution obtained from data F , g and f by
un+1

j = (Qun)j + ∆tF n
j j ∈ D (set of interior indices)

(B un)j = gn
j j ∈ ∂ (set of boundary indices)

u0
j = fj j ∈ D

Stability: « ‖u‖ . ‖f ‖+ ‖F‖+ ‖g‖ »

Godunov-Ryabenkii necessary condition
• un

j = znφj solution with φ ∈ `2(D), |z | > 1 and F ≡ 0 and g ≡ 0
⇒ ‖un‖D = |z |n‖φ‖D ' |z |T/∆t‖φ‖D
⇒ arbitrary exponential growth: stability fails !

Normal mode test
• let |z | > 1, solve κ in the discrete dispersion relation P(z, κ) = 0
• any superposition of un

j = znκj is also a solution
• among any, select the ones with finite ‖ · ‖D norm (i.e. |κ| < 1)
• do are some of them inside the kernel of B ?

16/33— B. Boutin
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Stability theory for the discrete IBVP [GUSTAFSSON, KREISS, OLIGER]

Godunov-Ryabenkii condition
⇔ isomorphism condition ∀|z | > 1, ker B ∩ Es(z) = {0}
⇔ determinant condition ∀|z | > 1, det BEs(z) , 0

But not always sufficient... |z | → 1+ ?

Uniform Kreiss-Lopatinskii Condition:
• Uniform version of the above conditions
• Equivalent to the strong stability below (discrete Laplace transform)

Definition (Strong stability `2,γ
t `2

x , known as GKS stabilitya)

(f ≡ 0)
γ

1 + γ∆t
‖u‖2D,γ + ‖u‖2∂,γ ≤ C

(
1 + γ∆t

γ
‖F‖2D,γ + ‖g‖2∂,γ

)
a(GUSTAFSSON, KREISS & SUNDSTRÖM ’72)

Norm notations ‖u‖2D =
∑
j∈D

∆x |uj |
2, ‖u‖2∂ =

∑
j∈∂

|uj |
2

‖u‖2D,γ =
∑
n≥0

∆t e−2 γ n∆t ‖un‖2D, ‖u‖
2
∂,γ =

∑
n≥0

∆t e−2 γ n∆t ‖un‖2∂

• GOLDBERG ’77: strong stability of dissipative or unitary schemes with
extrap. Neumann

• GOLDBERG & TADMOR ’81: strong stability of `2-stable schemes with
Dirichlet

17/33— B. Boutin
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Ansatz: multiscale approximation of the solution

un
j ' uapp

j ,n = uint(xj , t
n)+ubl

( xj

∆x
, tn

)

uint(x , t) : smooth physical part of the solution

ubl(j , t) : sawtoothed high-frequency pattern localized close to the
boundary
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Connection with steady state solutions

Example of the Lax-Wendroff scheme

un+1
j = (Qun)j := un

j +
λ

2
(un

j+1 − un
j−1) +

λ2

2
(un

j+1 − 2un
j + un

j−1)︸                                               ︷︷                                               ︸
=:(∇disun)j (discrete space-gradient term)

Steady state solutions

u = Qu ⇔ u ∈ ker∇dis ⇔ ∀j , uj = α1j + β
(
λ − 1
λ + 1

)j

︸    ︷︷    ︸
∈`2(N) for λ∈(0,1]

Fact

Under the CFL condition λ ∈ (0, 1], the LW scheme with homoge-
neous Dirichlet b.c. u0 = 0 has the following bounded steady states
(where α ∈ C):

uj = α(1 −
(
λ−1
λ+1

)j
), j ≥ 0.

• construction directly related to the normal modes un
j = znκj for z = 1

→ available for many Cauchy stable schemes (discussed later)
20/33— B. Boutin
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Solving the boundary layer

P(z, κ) = ρ(z) + λA(κ)σ(z) P(1, κ) = 0⇔ A(κ) = 0

Roots ofA(κ) =
∑p
`=−r a`κ`

• consistency root κ = 1↔ physical solution travelling at velocity a
• roots κ with |κ| < 1↔ boundary layer terms localized at j = 0
E other roots with |κ| = 1↔ unphysical travelling/glancing wave packets.

This last situation is eliminated by the sufficient:

Assumption (H)

κ = 1 is the unique root ofA with |κ| = 1

Examples satisfying (H)
? Explicit Euler time discretization:A(eiη) = 0⇔ 1 − λA(eiη) = 1

• Any Kreiss dissipative ∀|η| ≤ π, |1 − λA(eiη)| ≤ 1 − cη2m.

• Some non-dissipative schemes(Lax-Friedrichs)

? AB3 - 5pts scheme

Roots: κ1 ' −0.6595, κ2 ' 0.0809 depend only on λ

? The leap-frog scheme does not
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Solving the boundary layer

Let |z | > 1 and look for roots of ρ(z) + λσ(z)A(κ) = 0
• Cauchy stability ⇒ no roots |κ| = 1 (separation of roots)
• Continuity of roots⇒ constant number with |κ| < 1 and with |κ| > 1

("Hersh lemma")
• Behavior for |z | → ∞⇒ r with |κ| < 1 and p with |κ| > 1.

Study for z → 1:

Lemma (Constructing Es(1))
Under the Cauchy stability assumption and the above assumption (H),
the functionA admits exactly (with multiplicity)
• κ = 1 as simple root,
• r roots in |κ| < 1 and p − 1 roots in |κ| > 1, if a < 0
• r − 1 roots in |κ| < 1 and p roots in |κ| > 1, if a > 0

22/33— B. Boutin
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Boundary layer expansions

Under assumption (H) and for a < 0: un
j ' uint(xj , tn) + ubl(j , tn),

• uint is the (smooth) solution of the outgoing transport equation
• ubl(·, tn) ∈ Es(1) (below we assume that the roots are simple)
• (Bun)j = 0, for 0 ≤ j ≤ r − 1, to be solved

Dirichlet boundary conditions
1 1 . . . 1
κ1 κ2 . . . κr
...

...
...

κr−1
1 κr−1

2 . . . κr−1
r



z1(tn)
...

zr (tn)

 + u(0, tn)


1
...
1

 = 0

ubl(j , tn) =
r∑

`=1

z`(tn)κj
`

= u(0, tn)
r∑

`=1

α`κ
j
`

= f (−atn)
r∑

`=1

α`κ
j
`

Remark: for f ∈ H1(R?+), there exists a unique boundary layer profile.

sup
n∈N
‖ubl(·, tn)‖∂ . ∆x1/2‖f ‖Hkb+1
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Under assumption (H) and for a < 0: un
j ' uint(xj , tn) + ubl(j , tn),

• uint is the (smooth) solution of the outgoing transport equation
• ubl(·, tn) ∈ Es(1) (below we assume that the roots are simple)
• (Bun)j = 0, for 0 ≤ j ≤ r − 1, to be solved

Neumann extrapolatory conditions
(Dkb

+ (κj
1))0 . . . (Dkb

+ (κj
r ))1

...
...

(Dkb
+ (κj

1))r−1 . . . (Dkb
+ (κj

r ))r−1



z1(tn)
...

zr (tn)

 +


(Dkb

+ uint(·, tn))0
...

(Dkb
+ uint(·, tn))r−1

 = 0

Remark: for f ∈ Hkb+1(R?+), there exists a unique boundary layer profile.

sup
n∈N
‖ubl(·, tn)‖∂ . ∆xkb+1/2‖f ‖Hkb+1
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Strategy of improved consistency analysis

Replace eclassic
j ,n = uint(xj , tn) − un

j by ej ,n = uapp
j ,n − un

j where uapp
j ,n is the

boundary layer expansion.
1. uapp

j ,n is a sufficiently accurate description of un
j so that we obtain ej ,n to

solve the same discrete IBVP with zero initial data, small boundary
terms and small source terms.

k∑
σ=0

ασ ej ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` ej+`,n+σ = ∆t εj ,n+k

Bej ,n = ηj ,n, (0 ≤ j ≤ r − 1)

ej ,0 = · · · = ej ,k−1 = 0, (j ≥ 0)

where we set the new consistency error terms:∣∣∣∣∣∣∣∣∣∣∣
εj ,n+k :=

1
∆t

 k∑
σ=0

ασ uapp
j ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` uapp
j+`,n+σ


ηj ,n := Buapp

j ,n

2. Prove error estimates for εj ,n+k and ηj ,n in terms of the initial data f

3. Use GKS stability properties to get GKS-norms error estimates for ej ,n in
terms of the initial data f24/33— B. Boutin



Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis...

Strategy of improved consistency analysis

Replace eclassic
j ,n = uint(xj , tn) − un

j by ej ,n = uapp
j ,n − un

j where uapp
j ,n is the

boundary layer expansion.

1. uapp
j ,n is a sufficiently accurate description of un

j so that we obtain ej ,n to
solve the same discrete IBVP with zero initial data, small boundary
terms and small source terms.

k∑
σ=0

ασ ej ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` ej+`,n+σ = ∆t εj ,n+k

Bej ,n = ηj ,n, (0 ≤ j ≤ r − 1)

ej ,0 = · · · = ej ,k−1 = 0, (j ≥ 0)

2. Prove error estimates for εj ,n+k and ηj ,n in terms of the initial data f

3. Use GKS stability properties to get GKS-norms error estimates for ej ,n in
terms of the initial data f

24/33— B. Boutin



Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis...

Experiments involving the boundary layer expansion
Comparisons

un
j ' uapp

j ,n := uint
j ,n + ubl,0

j ,n + ∆x ubl,1
j ,n

where (with some simplifications for convenience in the presentation)
uint

j ,n = u(xj , t
n) = f (xj − atn),

ubl,0
j ,n = (α1κ

j
1 + α2κ

j
2) u(0, tn),

ubl,1
j ,n = (P1(j)κj

1 + P2(j)κj
2)
∂u
∂t

(0, tn),

(
1 1
κ1 κ2

) (
α1

α2

)
+

(
1
1

)
=

(
0
0

)

Solution computed at time T = 0.4 with different ∆x
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Experiments involving the boundary layer expansion
Rate of convergence `2

E int
2 :=

(∑J
j=0 ∆x

∣∣∣∣un
j − uint(xj , tn)

∣∣∣∣2)1/2

, Eapp
2 :=

(∑J
j=0 ∆x

∣∣∣∣un
j − uapp(xj , tn)

∣∣∣∣2)1/2

.

T=0.125

E int
2 = O(∆x3), Eapp

2 = O(∆x3)

T=0.4

E int
2 = O(∆x1/2), Eapp

2 = O(∆x3/2)
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Experiments involving the boundary layer expansion
Rate of convergence `∞

E int
∞ := max0≤j≤J |un

j − uint(xj , tn)| , Eapp
∞ := max0≤j≤J |un

j − uapp(xj , tn)| .

T=0.125

E int
∞ = O(∆x3), Eapp

∞ = O(∆x3)

T=0.4

E int
∞ = O(∆x0), Eapp

∞ = O(∆x1)
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Consequence: semigroup estimate for Dirichlet b.c.

Motivation. Get a full semigroup estimate from Cauchy and GKS-stability ?

Continued strategy
4. Estimate for uapp

j ,n = uint(xj , tn) + ubl (j , tn) in terms of the initial data f

‖uapp‖ . ‖f ‖

5. Results 3. and 4.⇒ semigroup estimate for un
j

‖u‖ ≤ ‖uapp‖+ ‖e‖ . ‖f ‖

Theorem (B. & COULOMBEL, 2017)
Consider an initial data f ∈ H2(R+) satisfying the compatibility conditions∣∣∣∣∣∣f (0) = 0, if a < 0,

f (0) = f ′(0) = 0, if a > 0.
Suppose the Dirichlet MOL scheme (with zero

source data and zero boundary data) to be consistent, Cauchy stable, and
without travelling or glancing wave packets (H). Then

sup
n∆t≤T

∑
j≥0

∆x |un
j |

2 ≤ C
(
‖f ‖2L2(R+) + ∆t T 3 ‖f ‖2H2(R+)

)
.
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Nonhomogeneous problems on bounded domains

Outgoing (a < 0) transport equation on bounded domain

∂t u + a∂x u = 0, x ∈ (0, 1),

u(0, x) = f (x),

u(t , 1) = g(t).

Data assumptions
• smoothness f ∈ Hk+1(0, 1) and g ∈ Hk+1(0, T )
• compatiblity conditions at order k across the separatrix characteristic

line

`2 stable, consistent order k one-step explicit scheme

un+1
j =

p∑
`=−r

a`u
n
j+`, r ≤ j ≤ J − p

Discrete boundary conditions
• Neumann extrapolation at order kb ≥ 0 at outflow
• Inverse Lax-Wendroff procedure at inflow (not presented here)

TAN & SHU ’10, FILBET & YANG’13, DAKIN’18
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Previous convergence estimate

COULOMBEL & LAGOUTIÈRE ’20 : for g ≡ 0 and kb-Neumann outflow b.c

Theorem
There exists a constant C = C(T ) > 0 such that any integer J ∈ N∗, any data
f ∈ Hk+1(0, 1), the solution (un

j ) satisfies

sup
0≤n∆t≤T

 ∑
1≤j≤J

∣∣∣∣∣∣un
j −

1
∆x

∫ xj

xj−1

u(tn, x) dx

∣∣∣∣∣∣2 ∆x

1/2

≤ C∆xmin(k ,kb) ‖f ‖Hk+1(0,1),

and therefore (crude bound)

sup
0≤n∆t≤T

sup
1≤j≤J

∣∣∣∣∣∣un
j −

1
∆x

∫ xj

xj−1

u(tn, x) dx

∣∣∣∣∣∣ ≤ C∆xmin(k ,kb)−1/2 ‖f ‖Hk+1(0,1)

Remark
• no `∞ stability assumption
• no dissipativity assumption
• proved by energy method
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Numerical experiments (kb = k )

Solutions

Local errors
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Improved convergence result for kb < k

• uapp = uint + ubl

• ‖u − uint‖ ≤ ‖ubl‖+ ‖u − uapp‖

• Boundary layer estimate⇒ ‖ubl‖ . ∆xkb+1/2‖f ‖2Hk+1

• Consistency ‖u − uapp‖ . ∆xk‖f ‖2Hk+1

Theorem (Cemracs ’19)
There exists a constant C = C(T ) > 0 such that any integer J ∈ N∗, any
data the solution (un

j ) satisfies

sup
0≤n∆t≤T

 ∑
1≤j≤J

∣∣∣∣∣∣un
j −

1
∆x

∫ xj

xj−1

u(tn, x) dx

∣∣∣∣∣∣2 ∆x

1/2

≤ C∆xkb+1/2 ‖f ‖Hk+1(0,1),

and therefore (crude bound)

sup
0≤n∆t≤T

sup
1≤j≤J

∣∣∣∣∣∣un
j −

1
∆x

∫ xj

xj−1

u(tn, x) dx

∣∣∣∣∣∣ ≤ C∆xkb ‖f ‖Hk+1(0,1)

32/33— B. Boutin



Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis...

Conclusions

Discrete boundary layer expansions
• improved description of the numerical solutions, overcome consistency

limitations
• for (MOL) multistep schemes with Dirichlet boundary conditions, with close

to optimal semigroup estimate for the IBVP
• for high-order schemes on one-dimensional bounded domains

• boundary layer structure (high frequency feature) , equivalent equation
of the scheme (low frequency properties).

Perspectives:
? more general b.c. and overcome (H) assumption (treating other discrete

wave packets)
? Export the tool to multidimensional (simple) situations
? Design high order numerical coupling through discrete traces
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Convergence analysis

Some ingredients:
• Usual consistency of the interior scheme
• Compatibility condition (a < 0) : homogeneous Dirichlet/initial data
• Exponential decrease in space of the boundary layer
• Consistency of the several approximations of the trace at the boundary

"GKS estimate" for the consistency error analysis

∀∆t ∈ (0, 1], ∀γ > 0, ∀f ∈ H2
0 (R+) :

‖ε‖2D,γ .

(
1 +

1
γ

)
∆t2 ‖f ‖2H2(R+), ‖η‖2∂,γ . ∆t2 ‖f ‖2H1(R+).

Strong stability result for Dirichlet (and zero initial data):

γ

1 + γ∆t
‖e‖2D,γ + ‖e‖2∂,γ .

1 + γ∆t
γ

‖ε‖2D,γ + ‖η‖2∂,γ

Let γ = ∆tµ with µ > 0∑
n≥0

∆t e−2n∆t1+µ

‖en‖2D . ∆t2−3µ‖f ‖2H2(R+).

sup
n∆t≤T

‖en‖2D . sup
n∆t≤T

e2n∆t1+µ

∆t1−3µ ‖f ‖2H2(R+) . ∆t T 3 ‖f ‖2H2(R+).
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Stability theory for the continuous IBVP [BENZONI-GAVAGE & SERRE]

Linear hyperbolic Initial Boundary Value Problem

∂t u + A ∂x u = F(x , t) (x , t) ∈ R(d)
+ × R+, u(x , t) ∈ RN

B u(0, t) = g(t) t ∈ R+

u(x , 0) = f (x) x ∈ R(d)
+

IVP (no boundary) stability⇔ Hyperbolicity supξ ‖ exp(iξA)‖ ≤ C
BVP (no initial data) (strong) stability⇔ Uniform Kreiss-Lopatinskii

Condition
• for d = 1: RN = Ker B ⊕ E+(A), meaning the b.c. Bu+ = g − Bu− is

invertible,
• for d > 1: frequency-parameterized determinant bounded away from 0

(uniform resolvent inequality).

Definition (Strong stability for the BVP)
(f ≡ 0) ∃C > 0,∀γ > 0 γ‖e−γ t u‖2 + ‖e−γ t u|x=0‖

2 ≤

C

(
1
γ
‖e−γ t F‖2 + ‖e−γ t g‖2

)
Usefull tools:
• Laplace-in-time transform / normal mode analysis

+ Fourier-in-space transform for d ≥ 2 space-dimension : x ∈ R(d)
+ := R+ × R

d−1

• Use of weighted L2,γ
t L2

x norms (γ > 0) adapted to Fourier-Laplace-Parseval
identities
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Stability theory for the continuous IBVP [BENZONI-GAVAGE & SERRE]

Strong stability implies semigroup stability (multidimensional case) :
(includes nonzero initial data f )
• FRIEDRICHS ’67 for symmetric systems with dissipative b.c
• RAUCH ’72 for strictly hyperbolic systems
• AUDIARD ’11 for systems with constant multiplicities
• METIVIER’ 14 for a more generalized class (block structure)

Tools: dissipative symmetrizers and energy multipliers, mimicing the classical energy
method for symmetric systems with strictly dissipative b.c.

Theorem (Full stability estimate for the IBVP)

e−2 γ T ‖u(·, T )‖2L2(R+) + γ‖e−γ t u‖2L2(R+×[0,T ]) + ‖e−γ t u|x=0‖
2
L2([0,T ])

≤ C

(
‖f ‖2L2(R+) +

1
γ
‖e−γ t F‖2L2(R+×[0,T ]) + ‖e−γ t g‖2L2([0,T ])

)

In particular, for g ≡ 0 and F ≡ 0 one has ‖u(·, T )‖L2(R+) ≤ C(T ) ‖f ‖L2(R+).
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Discrete semigroup stability results

An important result : GOLDBERG & TADMOR ’81.
In the scalar case, considering the discrete Dirichlet boundary condition:
the discrete Cauchy stability implies the GKS stability.

Cauchy stability + GKS stability⇒ semigroup stability (f , 0)
• WU ’95. Scalar equations or one-dimensional systems, one-step

difference schemes.
Tool: by a superposition argument, design auxiliary strictly dissipative boundary
conditions, and use the Goldberg-Tadmor result to connect with Dirichlet
boundary condition.

• COULOMBEL & GLORIA ’11. Extension to systems with several space
dimensions and variable coefficients, one-step difference schemes.
Tool: energy method and another auxiliary dissipative boundary conditions,
without using the GKS stability result.

• COULOMBEL ’15. Multistep multidimensional systems. Assuming the
simplicity of roots in the von Neumann Cauchy stability
Tool: Leray-Gårding multipliers, auxiliary strictly dissipative boundary condition.

• B. & COULOMBEL ’17. Multistep onedimensional scheme. Assuming the
absence of incoming or glancing discrete wave packets
Tool:
Constructive discrete boundary layer expansion and Goldberg-Tadmor lemma.
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Ê Far from the boundary: uint

εj ,n+k :=
1

∆t

 k∑
σ=0

ασ uapp
j ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` uapp
j+`,n+σ


uapp

j ,n = uint(xj , tn) + ubl (j , tn)

Scale x

Fix x ∈ R∗+, let ∆t ,∆x → 0.
For j → ∞ but xj ' x : ubl(j , tn) ' 0 and uapp

j ,n ' uint
j ,n .

Therefore

εj ,n+k '
1

∆t

 k∑
σ=0

ασ uint
j ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` uint
j+`,n+σ

 .
We introduce uint(x , t) as the solution of the unbounded domain problem:

∂t u + a ∂x u = 0, x ∈ R, t ≥ 0

u(x , 0) = f (x)11R+
+ 0 × 11R−
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Ë Leading boundary layer profile: ubl,0

εj ,n+k :=
1

∆t

 k∑
σ=0

ασ uapp
j ,n+σ + λ

k−1∑
σ=0

βσ

p∑
`=−r

a` uapp
j+`,n+σ


uapp

j ,n = uint(xj , tn) + ubl (j , tn)

Scale ∆x

Fix j ∈ Z, let ∆t ,∆x → 0.
For uint smooth: uint(xj+`, tn+σ) ' uint(0, tn)
Expected time-regularity of the boundary layer: ubl(j , tn+σ) ' ubl(j , tn).

Therefore

εj ,n+k '
1

∆x

 k−1∑
σ=0

βσ

 p∑
`=−r

a` ubl(j + `, tn+k ).

We require (ubl(j , t))j to satisfy:
red term=0
b.c. ubl(j , t) + uint(0, t) = 0, 0 ≤ j ≤ r − 1,
localization property limj→∞ ubl(j , t) = 0.
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Summary of the boundary layer expansion

un
j ' uapp

j ,n := uint
j ,n + ubl,0

j ,n + ∆x ubl,1
j ,n

Ê Internal layer (expected exact solution)

uint
j ,n =

1
∆x

∫ xj+1

xj

f (x − atn) dx .

Ë Leading boundary layer

ubl,0
j ,n = utr

n wj , j ≥ 0, n ≥ k ,

where the numerical trace at time tn reads

utr
n =

1
∆t

∫ tn+1

tn
f (0 − at) dt .

Ì First boundary layer corrector (for time variations of ubl,0)

ubl,1
j ,n = (∆t

∑
βσ)−1(

∑
ασutr

n+σ)w̃j , j ≥ 0, n ≥ k .
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