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Context and collaborations

® Consistency analysis with boundary layers
Semigroup estimates for the discrete hyperbolic initial boundary value
problems; work with J.-F. COULOMBEL

CEMRACS 2019 projet

supported by ANR Nabuco (2018-2022) artificial boundaries for
coupling hyperbolic and dispersive models in coastal oceanography
with J.-F. COULOMBEL, T.H.T. NGUYEN, A. SYLLA & S. TRAN TIEN
Improved convergence estimates for high order numerical schemes
for transport equations on bounded domains

® Stability analysis
T.H.Thuang NGUYEN, (PhD 2017-2020 adv. with N. SEGUIN)
Stiff stability analysis of discrete hyperbolic relaxation systems with
boundaries.

P. LE BARBENCHON (PhD 2020-.. adv. with N. SEGUIN)
Stability analysis of high order discrete boundary conditions.
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Context and collaborations

® Consistency analysis with boundary layers
Semigroup estimates for the discrete hyperbolic initial boundary value
problems; work with J.-F. COULOMBEL

CEMRACS 2019 projet

supported by ANR Nabuco (2018-2022) artificial boundaries for
coupling hyperbolic and dispersive models in coastal oceanography
with J.-F. COULOMBEL, T.H.T. NGUYEN, A. SYLLA & S. TRAN TIEN
Improved convergence estimates for high order numerical schemes
for transport equations on bounded domains

T.H.Thuang NGUYEN, (PhD 2017-2020 adv. with N. SEGUIN)
Stiff stability analysis of discrete hyperbolic with
boundaries.

P. LE BARBENCHON (PhD 2020-.. adv. with N. SEGUIN)
Stability analysis of discrete boundary conditions.
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Outline

Finite difference schemes for transport problems
Multistep MOL schemes and Cauchy stability
Boundary conditions and numerical experiments

IBVP stability and discrete boundary layers
Stability theory for the discrete IBVP
Multiscale approximation of the discrete solution
Explicit construction of the boundary layer expansion

Improved consistency analysis and consequences
Improved consistency analysis
Semigroup estimate for Dirichlet boundary conditions
Improved convergence estimate for Neumann extrapolation
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Multistep Method Of Lines schemes

Scalar one-dimensional outgoing transport equation (a < 0)

ou ou

— , ) eRT xRT
FT +a o =0 (x,t) e

u(x,0) = f(x), x eRT

Explicit multistep "Method Of Lines" finite difference schemes
ul = u(jAx, nAt), CFL parameter A = At/Ax

Zklaﬁ o Z,B(,Za[u”*‘rzo r<j 0<n

o=0 {=-r
ul = 1" = f(x; — at") dx 0<j 0<n<k-1
ujf’ < Numerical boundary conditions 0<j<r—1 k<n
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Multistep Method Of Lines schemes

Scalar one-dimensional outgoing transport equation (a < 0)

ou ou

- , , R+ R+
FT +a o =0 (x,t) e RT x
u(x,0) = f(x), x € RT

Explicit multistep "Method Of Lines" finite difference schemes
ul = u(jAx, nAt), CFL parameter A = At/Ax

Zklwﬁ o Z,B(,Za[u”*‘rzo r<j 0<n

o=0 {=-r
ul = 1" = f(x; — at") dx 0<j 0<n<k-1
ujf’ < Numerical boundary conditions 0<j<r—-1 k<n
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General ideas
Consistency the exact solution solves approximately the scheme.

Stability the solutions to the scheme depend continuously on data and
errors.

LAX-RICHTMEYER ’56 equivalence theorem
A consistent scheme is convergent iff it is stable.
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General ideas
Consistency the exact solution solves approximately the scheme.

Stability the solutions to the scheme depend continuously on data and
errors.

LAX-RICHTMEYER ’56 equivalence theorem
A consistent scheme is convergent iff it is stable.

Philosophy of the present work

® the numerical solutions of a given scheme also approximates many
"consistent" PDEs or problems (equivalent equation, etc.)

® when boundaries are involved, what are the corresponding "equivalent
equations"of the scheme ?

5/33— B Routin
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The pure discrete Cauchy problem — consistency

k

n+(r n+o __ :
Za(ruj Zﬁ(rZa uly = setoverj € Z
o=0

0'70 t=-r

Fourier multiplier of the space discretization: — A(k) = ¥5__ ax’, k#0
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The pure discrete Cauchy problem — consistency

k
Z a,ruj”“ ,8,, Z asu ]”‘*[‘r = setover j € Z
o=0 0'*0 t=-r
Fourier multiplier of the space discretization: — A(k) = ¥5__ ax’, k#0
Linear multistep recurrence relation in time: lety =-AA(x) € C
Characteristic polynomial P.(X) = p(X) — po(X)

with the two Dahlquist's generating polynomials:  p(X) = Y5 _, @, X7,
O-(X) = 57('10180-)(0—
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The pure discrete Cauchy problem — consistency
k

Z oz(,uj”” Z B Z ar /”j[" = setover j € Z

o=0 Xoso =

Fourier multiplier of the space discretization: — A(k) = ¥5__ ax’, k#0

Linear multistep recurrence relation in time: letu =-AA(k) e C

Characteristic polynomial Pu(X) = p(X) — uo(X)

with the two Dahlquist's generating polynomials:  p(X) = Y5 _, @, X7,
o(X) = f;jo,BUX"

Consistency with 0;u + adyu =0

Consistency at order (1,1)
A(1)=0, A'(1)=a,
p(1)=0, p'(1)=0c(1) (=1).
Consistency at order (p,q)
A(e’) - iag = O(£9),
p(e") - ho(e") = O(rP+).

6/33— B Routin
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The pure discrete Cauchy problem — stability
k k—1
Time recurrence Z VT —u 2/3(, VT =0; P,(2) = p(2) - uo(2).
o=0 o=0

Power boundedness of the associated companion matrices is fully
characterized by the Stability region of the multistep method
(refs. [Hairer-Wanner])

S—{,ueC, P(z)=0=

|z| <1, o0r
|zl =1 and zis simple | °
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The pure discrete Cauchy problem — stability

k k-1
Time recurrence Z @, V" —u Z'B" VT =0; P,(2) = p(2) - po(2).
o=0 o=0

Power boundedness of the associated companion matrices is fully
characterized by the Stability region of the multistep method
(refs. [Hairer-Wanner])

S:{,uec, P(z)=0=

|z| <1, or
|zl =1 and zis simple | °

Stability characterization of the MOL scheme

The numerical scheme is (Cauchy-)¢? stable iff || = 1 = —AA(k) € S.
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The pure discrete Cauchy problem — stability

k k-1

Time recurrence Z @, V" —u Z'B" VT =0; P,(2) = p(2) - po(2).
o=0 o=0

Power boundedness of the associated companion matrices is fully

characterized by the Stability region of the multistep method

(refs. [Hairer-Wanner])

S:{,ueC, P(z)=0=

|zl <1, 0or }

|zl =1 and z is simple

Stability characterization of the MOL scheme

The numerical scheme is (Cauchy-)¢? stable iff || = 1 = —AA(k) € S.

3C > 0, VAL € (0.1), V(I )ocress € (£(2))
k-1

sup ”llzy < € 3 [l
o0 3(2) UZ:;) j 13(z)

e advantageous case: stability is avalaible under a CFL condition: A € ...

7/33— B Routin



Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis.
000000@0000000 000000000 00000000000

Example of the AB3-5pts scheme (to be continued)

23 16 5
n+1 _ .n _ =egn 22 n- ~ o n-2
4T ’1(12‘// 127 T 12" )
o —ul, +8ul, —8ul, +ul, ~ —ul, + AUl —6ul +4ul, - ul,
i 12 24
23 16 5
Pu(X)=X3-Xx?- (—xz——x —)
w(X) TR TR
a 1
AK) = — (k2 + 8k =8k +k2) = —(—Kk® + 4k -6+ 4k —«7?)
12 24
..... AB3 stability domain r
Space discretization o8 _
T ’:7/'
Consistent at order (3,3). P i
7 E
7
3 ' a fo.2
Stability assumption:

d
0.2

(CFL parameter 1 = 0.4)
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Dirichlet discrete boundary conditions

n
A
Y
ur =777
k
n __ fn
u' =1
0 —
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Dirichlet discrete boundary conditions

n
oTo
o] o ’
0|0 Y
o] o
o] o
o] o
o] o
pLo
u' =1
0p s —
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Improved consistency analysis.
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Numerical experiments (1)
Lax-Wendroff scheme
2 .
U =0T+ AL -l )+ 3 (RE) (W 20T ), 2

Homogeneous Dirichlet b.c. uj =0
Test case
initial data u(x,0) = e 100(x-05)°
solution computed at final time T = 0.4 with decreasing space steps.

numerical sluion 16 cels

0 01 02 03 04 0s 06

Q0

10/33— B Boutin
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Numerical experiments (2)
Third order explicit scheme multistep (AB3 - 5pts in space)

Homogeneous Dirichlet b.c. uf = uf =0

numerical solution 16 cells

ujan
ux,t

0 0.1 02 0.3 0.4 0s 0.6

()bl

11/233— B Boutin
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Numerical experiments (2)
Third order explicit scheme multistep (AB3 - 5pts in space)

Homogeneous Dirichlet b.c. uf = uf =0

numerical solution 16 cells

ujan
ux,t

0 0.1 02 0.3 0.4 0s 0.6

()bl

— expected accuracy partially destroyed: non-existence of discrete traces
< defective consistency at the boundary !

+ convergence still available far from the boundary
< form of stability seems to be available

11/33— B Boutin
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Neumann extrapolatory discrete boundary conditions

ur =777
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Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis...
00000000008 000 000000000 00000000000

Neumann extrapolatory discrete boundary conditions

ur =777
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Neumann extrapolatory discrete boundary conditions

n
A
Yj
uf = uj
K
n _— £n
u =1
0 —J
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Neumann extrapolatory discrete boundary conditions

n
A
Yj
uf = uj
ug = uf
k
n _ £n
u =1
0 —
0 r /
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Neumann extrapolatory discrete boundary conditions

Neumann extrapolation at order k, > 0

(D/ffu)(; =0, 0<({<r-1 where (D1 v); := V41 — V.

® k, = 0 : homogeneous Dirichlet b.c.

®* kKp=1:Uy=U=...= U
L4 kb:2:u1—u0:u2—u1:...:u,+1—u,
® kpy=3:U—2u1+ Uy =...= Upg2 — 2Up41 + Uy

Lemma (Consistency of extrapolation)

Let m € N. There exists C > 0 such that
for any v € H™'(R) and Ax > 0

I(D7v)el < CAX™IV ™ gy, €=0,...,r 1.

1 JAX

2% Jyj1)ax v(y)dy. forj € Z.

where we set, v; :=

13/233— B Boutin
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Numerical experiments (3)

Third order explicit scheme multistep (AB3 - 5pts in space)

Homogeneous Neumann k, = 1 b.c. uj = uj = uj

numerical solution 16 cells

ujAn
utxy)

b=

— Still some artefacts...
+ but improved traces !

14/33— B Boutin
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Numerical experiments (4)

Another worst behavior: incoming/reflected wave packets
* The leap frog scheme (J = 300) with Dirichlet homogeneous b.c.
u™ et r

! —u
J J J+1 j—1 .

—01<j<Jd—-1, uw=u"=o0.
oAt 2Ax ] o= W

Tine0

n

(=Jbr+]

15/33— B Boutin



Context and experiments IBVP stability and discrete boundary layers Improved consistency analysis.
0000000000000 e 000000000 00000000000

Numerical experiments (4)

Another worst behavior: incoming/reflected wave packets
* The leap frog scheme (J = 300) with Dirichlet homogeneous b.c.

u;’+1 -yt -l
=0,1<j<J-1, ug = uj = 0.
2At 2Ax
Time 0
1
" - Bounded oscillating pattern
0 going back and forth
u £2-stable discrete solution
02
" [)‘1 g‘z 0‘3 o.‘4 ﬂ‘5 0‘5 ﬂ‘7 0‘3 o,‘q 1‘ an _ an]‘ Wlth 7= K= i1 )
04
-06
o n n, j n
) ul = Z 2",k (Xi—Coit").
Z=k==1
o)

15/33— B Boutin
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IBVP stability and discrete boundary layers
Stability theory for the discrete IBVP
Multiscale approximation of the discrete solution
Explicit construction of the boundary layer expansion
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Stability theory for the discrete IBVP [GusTarsson, Kreiss, OLIGER]
Let (u]f7 be the numerical solution obtained from data F, g and f by
u]f’+1 = (Qu"); + AtF"  j € D (set of interior indices)
(Bu");=g' j € 9 (set of boundary indices)
u =1 jeD

Stability: « ||ull < (/7| + [|F]l + [lgll »

16/33— B Boutin
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Stability theory for the discrete IBVP [GusTarsson, Kreiss, OLIGER]

Let (u]” be the numerical solution obtained from data F, g and f by

{U'm (Qu"); + AtF)  j € D (set of interior indices)

i j € 0 (set of boundary indices)
jeD
Stability: « ||ull < [Ifl| + [IF]] + [l9ll »

Godunov-Ryabenkii necessary condition

* uf = z"¢; solution with ¢ € (?(D),|zl>1and F=0and g = 0
= [1W"llp = 12"lIgllo = 1272 Igllo
= arbitrary exponential growth: stability fails !

16/33— B Boutin
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Stability theory for the discrete IBVP [GusTarsson, Kreiss, OLIGER]

Let (u]” be the numerical solution obtained from data F, g and f by

{U'm (Qu"); + AtF)  j € D (set of interior indices)

i j € 0 (set of boundary indices)
jeD

Stability: « ||lull < Il + [IFI] + 9l »
Godunov-Ryabenkii necessary condition
* ul = z"¢; solution with ¢ € ?(D),|zl>1and F=0and g = 0
= [1W"llp = 12"lIgllo = 1272 Igllo
= arbitrary exponential growth: stability fails !
Normal mode test
let |z| > 1, solve « in the discrete dispersion relation P(z,«x) = 0
any superposition of u” = 2"« is also a solution

among any, select the ones with finite || - ||p norm (i.e. k| < 1)
do are some of them inside the kernel of B ?

16/33— B Boutin
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Stability theory for the discrete IBVP [GusTarsson, Kreiss, OLIGER]
Godunov-Ryabenkii condition

& isomorphism condition Y|z| > 1, ker BN E(z) = {0}
& determinant condition Y|z| > 1, det BEs(z) # 0

17/33— B Boutin
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Stability theory for the discrete IBVP [GusTarsson, Kreiss, OLIGER]

Godunov-Ryabenkii condition
& isomorphism condition ¥|z| > 1, ker BN E4(z) = {0}
& determinant condition Y|z| > 1, det BEs(z) # 0
But not always sufficient... |z| — 1, ?

Uniform Kreiss-Lopatinskii Condition:
® Uniform version of the above conditions
® Equivalent to the strong stability below (discrete Laplace transform)

Definition (Strong stability £27¢2, known as GKS stability?)

1+ vy At
(f = 0) Y ||u||§),y+||u||§,ysc(—7

1+ v At Fli2 2
14y At IFlip,, +19ll5,

4(GUSTAFSSON, KREISS & SUNDSTROM '72)

® GOLDBERG '77: strong stability of dissipative or unitary schemes with
extrap. Neumann
® GOLDBERG & TADMOR '81: strong stability of £2-stable schemes with
17/22— R Boutin Dirichlet



Instability of Difference Models for Hyperbolic
Initial Boundary Value Problems

LLOYD N. TREFETHEN

Courant Institute

Table [

Summary of Unstable Growth Rates for Various Classes of Difference Models
3 str 3 str rightg.
rightg st-st soln

3 str st-st with |z]>1
A rightg. 3 rightg. rightg soln with (Godunov-
st-st soln st-st soln st-st soln inf. r.c. Ryabenkii)
growth wrt 1 1 Jn n const”
initial data Thms la, 1b  Thms 2a,2b  Thms 3a, 3b
growth wrt 1 Jn n n const”
bndry data Thm 4b Thms 5a, 5b Thms 6a, 6b
——

GKS-stable GKS-unstable

Table 11
Classification of Solutions (3.20) to Q
into Leftgoing and Rightgoing Components

(1) @) 3 Q) 5) 6 ) (8 9

> t{ld=1]ld=1 | |sd4=1 =1 lel=1 [ldd=1]lz=1]zA>1
I8 > 1]sl =1 |Isf > 1 el =1 k| =1 lsf=1 |e| < 1|fel=1]ls| <1
Cc<o C=0 c=0 Cc=0 c>0
s=u 5< 5=y,
=y, +1 min{ve, v, } =vr+1
(S — —
strietly lefigoing strictly rightgoing
“ - v
S

leftgoing rightgoing
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Ansatz: multiscale approximation of the solution
0.6 ujn ~ uzlr)jp — Uim(Xj, l’n)-l-Ubl (%’ tn)

u"(x, t) : smooth physical part of the solution

uP!(j, t) : sawtoothed high-frequency pattern localized close to the
boundary

19/233— B Boutin
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Connection with steady state solutions

Example of the Lax-Wendroff scheme
n+1 . n A n n 2 n n n
u™ = (Qup)j == u + E(Uj+1 —uly) + E(Uj+1 —2u +uly)

=:(Vaisu"); (discrete space-gradient term)

Steady state solutions

. -1V
U= Qu e ucE kerVg, & Vj, uj:m/_;_lg(m)
e

€l?(N) for 1€(0,1]

20/33— B Boutin
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Connection with steady state solutions

Example of the Lax-Wendroff scheme
2

pl A
utt = (Qun)y = o+ S (Ul = uly) + S (0l - 20 + uly)

=:(Vgisu"); (discrete space-gradient term)

Steady state solutions
, ; -1y
U= Qu & uekerVgs © V), uy=at’ +,8(—)

€l?(N) for 1€(0,1]

Under the CFL condition 1 € (0, 1], the LW scheme with homoge-
neous Dirichlet b.c. uy = 0 has the following bounded steady states
(where a € C):

y=a(1-(&2)), jzo.

e construction directly related to the normal modes uj” = 2" for z = 1
— available for many Cauchy stable schemes (discussed later)

20/33— B Boutin
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Solving the boundary layer

P(z,k) = p(2) + AA(x)o(2) P(1,k) =0 & A(k) =0
Roots of A(k) = Y7 a’

® consistency root k = 1 < physical solution travelling at velocity a

® roots «k with x| < 1 < boundary layer terms localized at j = 0

¢ other roots with [k] = 1 < unphysical travelling/glancing wave packets.
This last situation is eliminated by the sufficient:

21/33— B Boutin
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Solving the boundary layer

P(z,k) = p(2) + AA(x)o(2) P(1,k) =0 A(k) =0
Roots of A(k) = Y7 a’

® consistency root k = 1 < physical solution travelling at velocity a

® roots « with |k] < 1 & boundary layer terms localized at j = 0

¢ other roots with [k] = 1 < unphysical travelling/glancing wave packets.
This last situation is eliminated by the sufficient:

Assumption (H)

«x = 1 is the unique root of A with || = 1

Examples satisfying (H)
* Explicit Euler time discretization: A(e”) = 0 © 1 — AA(e™) = 1
® Any Kreiss dissipative ¥Y[n| < &, |1 — AA(e™)| < 1 — c?™.
® Some non-dissipative schemes(Lax-Friedrichs)
* AB3 - 5pts scheme

Roots: ky ~ —0.6595, ko ~ 0.0809 depend only on 4

* The leap-frog scheme does not

21/33— B Boutin
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Solving the boundary layer

Let |z| > 1 and look for roots of p(z) + Ao (z)A(x) = 0
® Cauchy stability = no roots || = 1 (separation of roots)

® Continuity of roots = constant number with || < 1 and with || > 1
("Hersh lemma")

® Behavior for |z| — co = r with k| < 1 and p with |k| > 1.

29233 B Boutin
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Solving the boundary layer

Let |z| > 1 and look for roots of p(z) + Ao (z)A(x) = 0
® Cauchy stability = no roots || = 1 (separation of roots)

® Continuity of roots = constant number with || < 1 and with || > 1
("Hersh lemma")

® Behavior for |z| — co = r with k| < 1 and p with |k| > 1.
Study for z — 1:

Lemma (Constructing E¢(1))

Under the Cauchy stability assumption and the above assumption (H),
the function A admits exactly (with multiplicity)
® x =1 as simple root,

® rrootsin|k| <1andp—1rootsin|k| >1,ifa<0
® r—1rootsin|k| <1 andprootsin|k| >1,ifa>0

29/233— B Boutin
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Boundary layer expansions

Under assumption (H) and for a < 0: uf = u™(x;, 1) + ' (j, 1),
e (" is the (smooth) solution of the outgoing transport equation
* P, t") € E¢(1) (below we assume that the roots are simple)
® (Bu");=0,for0<j<r-1,to be solved

Dirichlet boundary conditions

Z4 (tn) 1
KA Ko . Kr
© o |+u0 )] |=0
: : : n
Kq_1 K£_1 ook z(1") 1
r . r ) r .
PG = 2t = u(0, ") D ek = f(=at") >
=1 =1 =1

Remark: for f € H'(R* ), there exists a unique boundary layer profile.

bl 1/2
sup [l (-, 1")lla < Ax"|| s
neN

22/33— B Boutin
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Boundary layer expansions

Under assumption (H) and for a < 0: uf = U™ (x, ") + (G 1),
e (" is the (smooth) solution of the outgoing transport equation
® Pl(., t") € Es(1) (below we assume that the roots are simple)
® (Bu");=0,for0<j<r—-1,to be solved

Neumann extrapolatory conditions

(D))o ... (DR \(2())  ( (DEu™ (7))o
: : Pl : =0
(D)t oo (D) N2 (1)) \(DFou™ (-, 1))

Remark: for f € Ht! (R%), there exists a unique boundary layer profile.

sup [t (-, tM)llg < AXRTVZ||f]]
neN

22/33— B Boutin
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Strategy of improved consistency analysis

Replace 72 = 4" (x;, t") — U by €, = U — uf where U} is the
boundary layer expansion.
1. uapp is a sufficiently accurate description of uj so that we obtain g;, to
solve the same discrete IBVP with zero initial data, small boundary

terms and small source terms.

Z Ay € pto + A Zﬁo— Z ar 6jtentroe = AtEjnk

o=0 {=-r
Bejn=1njn (0<j<r—1)
go="""=6x1=0,(=0)

where we set the new consistency error terms:

) - Waid uPP
Ejntk = At [Z Ao jn+(r+/l Zﬂ(r Z acu j+t.n+o

=0 l(=-r

dpp
N0 = Bu;
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Strategy of improved consistency analysis

PP — u” where u Pis the

classic __ ,,int(y, 0\ _ ,,n .
Replace /" = u (x,t") u' by e = u; /

boundary layer expansion.

1. u fpp is a sufficiently accurate description of u” so that we obtain e; , to
solve the same discrete IBVP with zero initial data, small boundary
terms and small source terms.

Za'o-e/nJr(r"f'/l Zﬁo— Z ar € tnro = Atgjnik

o=0 {=—r

Bejn=1njn (0<j<r—1)

ej,O = ej,k—1 = 0, (jZ 0)

2. Prove error estimates for €; ..« and 7, , in terms of the initial data f

3. Use GKS stability properties to get GKS-norms error estimates for g; , in
terms of the initial data 7
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Experiments involving the boundary layer expansion

Comparisons

n . ,@PP .__ ,,nt bl,0 bl,1
ul = Uy =i Ul + Axug
where (with some simplifications for convenience in the presentation)

U = (. ) = 1(x - at”),

i =
blO _ j j n
Ui = (@K + azkp) u(0, 1), (1 1\ (o), (1) [0
bLl Ny N j\ou R K kof\ao 1 0
up = (P& + Pa())ky) E(O’t )
u_jrn 1 u_jAn-uAint(x_j,tAn) 1 \ u_jAn-uAint- ubl0 - dx*ubll
ux,H 0.8 + + + +ubl0 + dx*ubll 0.1 I\
KB ASTXIN IS
' o4 0.1 ‘q“ \V
0.8 0.24 A N . . 02 ““‘
STV el
0.4 -0.44 e 044
~0.64 -0.54 “J
o 081 SN
0 T T T T T 1 -1- -0.7-
] 0.1 0.2 0.3 0.4 0.5 0.6

(=)
Solution computed at time T = 0.4 with different Ax
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Experiments involving the boundary layer expansion

Rate of convergence (2

— uaPP(Xj t")

' ; o0 1/2 o o\1/2
B = (2t Ax )" e (sl ax |y )

uj/j _ Uim(Xj, tn)

24 8-
—4 7 6
-6 4
-8 24
-104 04
-124 -24
-144 +—+ +E_app -4
_164 +—+—+E_int ~6 4
Slope 3
-184 Slope 2 -84
Slope 1
-20 T T T T T T 1 -10
-9 -8 -7 -6 -5 -4 -3 -2 -9

T=0.125

B =0(Ax%), E™=0(Ax%) EY=0(Ax"?), E =0(Ax%?)
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Experiments involving the boundary layer expansion

Rate of convergence ¢*°

E = maxogjey U7 — U™ (X}, 1),  EXP := maxogjcy U — UPP(x;, 1)

) /
049 124
-2 10 4
_4 s
-6
6
-8
4
-10
2
-12
14 0+ + 4+ +E_app
%7 bbb -~
-] +—4—+E_int
-164 Slope 3
~184 -4 Slope 2
Slope 1 Slope 1
-20 T T T T T T 1 -6 T T T T T T 1
-9 -8 -7 -6 -5 -4 -3 -2 -9 -8 -7 -6 -5 -4 -3 -2

EM = 0(Ax%), EX =0(Ax%) EM=0(Ax°), E =o0(Ax")
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Consequence: semigroup estimate for Dirichlet b.c.

Motivation. Get a full semigroup estimate from Cauchy and GKS-stability ?

Continued strategy
4. Estimate for u}}" = u™(x;, t") + u (j, ") in terms of the initial data

w1l < 111
5. Results 3. and 4. = semigroup estimate for uj.”

llull < [1u*PPI+ Tlell < NIfll
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Consequence: semigroup estimate for Dirichlet b.c.

Motivation. Get a full semigroup estimate from Cauchy and GKS-stability ?
Continued strategy
4. Estimate for u}}" = u™(x;, t") + u (j, ") in terms of the initial data
w1l < 111
5. Results 3. and 4. = semigroup estimate for uj”

llull < [1u*PPI+ Tlell < NIfll

Theorem (B. & COULOMBEL, 2017)

Consider an initial data f € H2(R+) satisfying the compatibility conditions
f(0) =0, fa<o, > .
©) ’ as Suppose the Dirichlet MOL scheme (with zero
f(0) = f'(0) =0, ifa>0.
source data and zero boundary data) to be consistent, Cauchy stable, and
without travelling or glancing wave packets (H). Then

n2 2 3 2
sup > AxiP < C(Iff . ) + AT 2. ).

nAt<T /20
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Nonhomogeneous problems on bounded domains

Outgoing (a < 0) transport equation on bounded domain
O+ adyu =0, xe€(0,1),
u(0, x) = f(x),
u(t,1) = g(1).
Data assumptions
* smoothness f € H**1(0,1) and g € H**'(0, T)

® compatiblity conditions at order k across the separatrix characteristic
line

2 stable, consistent order k one-step explicit scheme

P
n+1 __ n ;
y = Z Uiy r<j<J-p
t=-r
Discrete boundary conditions

® Neumann extrapolation at order k, > 0 at outflow
® Inverse Lax-Wendroff procedure at inflow (not presented here)
TAN & SHU ’10, FILBET & YANG'13, DAKIN’18
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Previous convergence estimate

COULOMBEL & LAGOUTIERE '20 : for g = 0 and k,-Neumann outflow b.c

Theorem
There exists a constant C = C(T) > 0 such that any integer J € N*, any data
f € H"1(0,1), the solution (u'") satisfies

u__f X) dx

and therefore (crude bound)

1/2
AX] < CAxMn(kks) 11l (0,1),

sup
0<nAt<T 1<j<J

sup  sup

uj - — dX
0<nAt<T 1<j<J

< CAX™MERITVZ £ o)

Remark
® no ¢ stability assumption
® no dissipativity assumption
® proved by energy method
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IBVP stability and discrete boundary layers
000000000

Numerical experiments (k, = k)

Improved consistency analysis...
00000000800

rom——

Solutions — = % %

— 0

a0

oro-

Local errors — = B B

21/33— B Boutin

Upwind scheme
Order Linf 0.9988596203602322
Order L2 0.9989909373088449

LW scheme
Order Linf 1.9871218389248466
Order L2 2.019623049148636

03 scheme
Order Linf 3.022325519501991
Order L2 3.0226590546788894

LW5 scheme
Order Linf 4.7143B6016709609
Order L2 5.028339253325648
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Improved convergence result for k, < k

o (PP — uim + ubl

® flu—u™|| < (UMl + Jlu — P

* Boundary layer estimate = [[u”'|| < Ax**12||f|[2,
* Consistency [lu — u™?|| s Ax |IfIE,.,

Theorem (Cemracs ’'19)

There exists a constant C = C(T) > 0 such that any integer J € N*, any
data the solution (u]') satisfies

1 %
ul - Ax f u(t", x)dx
X

-1

2 1/2
AX] < CAXRH2 ||| e 1(0,1)

w |3
0<nAt<T 1<j=J

and therefore (crude bound)

u/——f (t", x) dx

sup  sup < CAX |[fll i1 (0,1)

0<nAt<T 1<j<J
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Conclusions

Discrete boundary layer expansions
® improved description of the numerical solutions, overcome consistency
limitations
® for (MOL) multistep schemes with Dirichlet boundary conditions, with close
to optimal semigroup estimate for the IBVP
® for high-order schemes on one-dimensional bounded domains
® boundary layer structure (high frequency feature) # equivalent equation
of the scheme (low frequency properties).

Perspectives:

* more general b.c. and overcome (H) assumption (treating other discrete
wave packets)

* Export the tool to multidimensional (simple) situations

* Design high order numerical coupling through discrete traces

f\ ,[ ‘ ey

A
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Convergence analysis

Some ingredients:

Usual consistency of the interior scheme

Compatibility condition (a < 0) : homogeneous Dirichlet/initial data
Exponential decrease in space of the boundary layer

Consistency of the several approximations of the trace at the boundary

"GKS estimate" for the consistency error analysis

VAt e (0,1], Vy >0, Vfe HZ(RT) :

”E”Dy pS (1 + ) AP ”f”,.,z (R*)? ”77”37 S AP ”fllH‘(R+
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Convergence analysis

Some ingredients:

Usual consistency of the interior scheme

Compatibility condition (a < 0) : homogeneous Dirichlet/initial data
Exponential decrease in space of the boundary layer

Consistency of the several approximations of the trace at the boundary

"GKS estimate" for the consistency error analysis

VAt e (0,1], Vy >0, Vfe HZ(RT) :

1
llell?,, < (1 + ;) AP ”f”H2 (R+)’ lInl3,, < Af |If||H1(R+

Strong stability result for Dirichlet (and zero initial data):
y 14y At

2 2
m llellp,, + ||TI||5,7

2 2
llellp,, + llell;, <
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Convergence analysis

Some ingredients:

Usual consistency of the interior scheme

Compatibility condition (a < 0) : homogeneous Dirichlet/initial data
Exponential decrease in space of the boundary layer

Consistency of the several approximations of the trace at the boundary

"GKS estimate" for the consistency error analysis

VAt e (0,1], Vy >0, Vfe HZ(RT) :

1
llell?,, < (1 + ;) AP ”f”,.,z (R+)’ lInl3,, < Af |If||H1(R+

Strong stability result for Dirichlet (and zero initial data):
y 14y At
1+yAt

Lety = At* withu >0
Z Ate—ZnAt +u”en”D < At2 S;t”f”Hz Rt)-

n>0

2 2 2 2
llellp,, + llell;, < llellp,, + linlls,
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Stability theory for the continuous IBVP [Benzoni-Gavace & Serre]

Linear hyperbolic Initial Boundary Value Problem
O+ Adyu = F(x,t) (x,t) € R@ xRy, u(x,t) e RV
Bu(0,t) = g(1) teRy

u(x,0) = f(x) X € Rf)
IVP (no boundary) stability < Hyperbolicity sup; || exp(iA)|| < C
BVP (no initial data) (strong) stability < Uniform Kreiss-Lopatinskii
Condition
e ford = 1: RN = Ker B® E(A), meaning the b.c. Buy = g — Bu_ is
invertible,
e for d > 1: frequency-parameterized determinant bounded away from 0
(uniform resolvent inequality).

2/23%3— B Routin



0@00000

Stability theory for the continuous IBVP [Benzoni-Gavace & Serre]

Linear hyperbolic Initial Boundary Value Problem

du+ Adyu = F(x,t) (x,t) € R@ xRy, u(x,t) e RN

Bu(0,t) = g(1) teRy

u(x,0) = f(x) X € Rf)

IVP (no boundary) stability < Hyperbolicity sup; || exp(iA)|| < C
BVP (no initial data) (strong) stability < Uniform Kreiss-Lopatinskii
Condition
e ford = 1: RN = Ker B® E(A), meaning the b.c. Buy = g — Bu_ is
invertible,
e for d > 1: frequency-parameterized determinant bounded away from 0
(uniform resolvent inequality).

Definition (Strong stability for the BVP)
(f=0) 3AC>0,Yy>0  ylle?ulP? + lle7” ux=oll?® <

1
C(—Ile‘V’FII2 + IIG”QIIZ)
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Stability theory for the continuous IBVP [Benzoni-Gavace & Serre]

Strong stability implies semigroup stability (multidimensional case) :
(includes nonzero initial data f)
® FRIEDRICHS '67 for symmetric systems with dissipative b.c
RAUCH '72 for strictly hyperbolic systems
AUDIARD ’11 for systems with constant multiplicities
METIVIER’ 14 for a more generalized class (block structure)

Tools: dissipative symmetrizers and energy multipliers, mimicing the classical energy
method for symmetric systems with strictly dissipative b.c.

Theorem (Full stability estimate for the IBVP)
&7 (-, T)IIfZ(M + 7lle‘”UIIf2(R+X[O,TD + IIe‘y'u|x:oI|f2([0,T])

1
2 — 2 —y 2
< C{IMfie.) + e Flfaqe, oy + 167 0l o

In particular, for g = 0 and F = 0 one has [lu(-, T)llzw,) < C(T) lIflli2(e.)-
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Discrete semigroup stability results

An important result : GOLDBERG & TADMOR '81.
In the scalar case, considering the discrete Dirichlet boundary condition:
the discrete Cauchy stability implies the GKS stability.

Cauchy stability + GKS stability = semigroup stability (7 + 0)

4/33— B Routin

® Wu '95. Scalar equations or one-dimensional systems, one-step

difference schemes.

Tool: by a superposition argument, design auxiliary strictly dissipative boundary
conditions, and use the Goldberg-Tadmor result to connect with Dirichlet
boundary condition.

COULOMBEL & GLORIA "11. Extension to systems with several space
dimensions and variable coefficients, one-step difference schemes.
Tool: energy method and another auxiliary dissipative boundary conditions,
without using the GKS stability result.

COULOMBEL '15. Multistep multidimensional systems. Assuming the
simplicity of roots in the von Neumann Cauchy stability

Tool: Leray-Garding multipliers, auxiliary strictly dissipative boundary condition.
B. & COULOMBEL '17. Multistep onedimensional scheme. Assuming the
absence of incoming or glancing discrete wave packets

-_—

000@000
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© Far from the boundary: u™

, . PP 4P
Ejntk = At Z Ao Ui +4 ZB” Z A Uiirnto

o=0 {=-r

ujalrJ,P _ umt(x tn) + ubl (], tn)

Scale x

Fix x € Ri, let At, Ax — 0.
Forj — cobut x; = x: t®(j, t") ~ 0 and u}}’ = ui™.

Therefore

1m mt
S = Z e 13 B0 3

o=0 {=-r
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© Far from the boundary: u™

, . PP 4P
Ejntk = At Z Ao Ui +4 ZB” Z A Uiirnto

o=0 {=-r

ujalrJ,P _ umt(x tn) + ubl (], tn)

Scale x
Fix x € Ri, let At, Ax — 0.
Forj — cobut x; = x: t®(j, t") ~ 0 and u}}’ = ui™.

Therefore

int lnt
Ejntk = Af Zao' Uinto +1 Zﬁﬂ' Z & Urnio

o=0 {=-r

We introduce u™(x, t) as the solution of the unbounded domain problem:
ou+aou=0, xeR, t>0
U(X,O) = f(x)117 +0x g

5/33— B Routin
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@ Leading boundary layer profile: u®-°

, . PP 4P
Ejntk = At Z Ao Ui +4 ZB” Z A Uiirnto

o=0 t=-r

ujflIrJ,P _ umt(x tn) + ubl (], tn)

Scale Ax

Fix j € Z, let At, Ax — 0, |
For u™ smooth: u™ (X4, t"T7) ~ u™(0, t")
Expected time-regularity of the boundary layer: u°'(j, t"+) =~ uP'(j, t").

Therefore

Ejntk = A [Zﬂa] Z ar b (j+ €, 175

0 t=-r
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@ Leading boundary layer profile: u®-0

, . PP 4P
Ejntk = At Z Ao Ui +4 ZB” Z A Uiirnto

o=0 {=-r

ujalrJ,P _ umt(x tn) + ubl (], tn)

Scale Ax

Fix j € Z, let At, Ax — 0, |
For u™ smooth: u™ (X4, t"T7) ~ u™(0, t")
Expected time-regularity of the boundary layer: u°'(j, t"+) =~ uP'(j, t").

Therefore
P

k-1
1
Ejntk = Ax [Zﬂa) Z a; u° (j + £, l‘”*k)
o=0

(=-r

We require (u”'(j, t)); to satisfy:

red term=0

b.c. ®'(j, t) + u™(0,1) =0, 0<j
localization property lim; ., u®(j, t)
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Summary of the boundary layer expansion

u]” ujdl;P = um[ 4 ublO + Ax ub]l

O Internal layer (expected exact solution)

int 1 s n
u, = — f(x — at") dx.
L Ax L ( )

® Leading boundary layer

1 i
u}f,;o =ujw, j=0, n>k,

where the numerical trace at time t” reads

1 tn+1
r— f(0 — at) dt.
=g [ ro-a

® First boundary layer corrector (for time variations of u-0)

Pt = (ALY o) ot )W, 20, nxk.
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