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The continuous problem

Let D and X be two complex Banach spaces, with D ⊂ X densely

embedded, and let A(t) : D ⊂ X → X, t ≥ 0, be a locally integ-

rable family of linear and bounded operators. We consider the

convolution equation

(1) u(t) = u0 +

∫ t

0
A(t− s)u(s) ds, t > 0,

with initial data u0 ∈ X.
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Problem (1) is assumed to be well posed [Prüss, 93]: there

exists a strongly continuous family E(t) : X → X, t ≥ 0, of linear

and bounded operators, with E(0) = I, such that E(t)D ⊂ D,

t > 0, and, for each u0 ∈ D, the mapping s → E(s)u0 belongs to

L1
loc([0,+∞), D) and satisfies

(2) E(t)u0 = u0 +

∫ t

0
A(t− s)E(s)u0 ds, t > 0.

For u0 ∈ X, u(t) := E(t)u0 defines the so-called mild or genera-

lized solution of (1). Moreover, E(t) is of exponential growth

when A(t) so does.
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Examples of kernels

Equations of scalar type: A(t) = a(t)A, t ≥ 0, where a : [0,∞) → C
is locally integrable and A : D ⊂ X → X is a fixed operator. For

instance

• a(t) = 1, corresponds to the IVP u′ = Au.

• a(t) = tα−1/Γ(α− 1), 1 < α ≤ 2, corresponds to the equation

Dα
t = Au.

• a(t) = δ−1e−t/δ, corresponds to the telegraphic equation

δu′′ + u′ = Au.
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Other kernels: Systems of equations of the above kind, with

kernels like

A(t) =
{
aij(t)Aij

}2
i,j=1 ,

appear in applications such as viscoelasticity and electromagne-

tism in materials with memory [Prüss, 93].

Another source of equations that can be written in the abstract

format (1) arise when dealing with transparent boundary condi-

tions.



Orientation of the apprach

We try to discretize (1) in time, by means of a Runge-Kutta (RK)

method. This is not completely obvious, since RK methods are

designed to discretize ODEs . Following Lubich’s ideas:

a) We first consider RK convolution quadrature (RKCQ) to ap-

proximate

K ∗ g(t) =

∫ t

0
K(t− s)g(s) ds, t ≥ 0.

This is already done for sectorial kernels K [Lubich-Ostermann,

93] and we explain how to proceed in a more general situation.

To this end we need to introduce a Holomorphic Calculus.

b) We apply the RKCQ to the convolution term in equation (1).
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A Holomorphic Calculus

Given two complex Banach spaces Z1, Z2, we denote by L(Z1, Z2)

the Banach space formed by all the linear and bounded mappings

from Z1 to Z2. The norm in this space is denoted by ‖ · ‖Z1→Z2
.

For a matrix M ∈ Cm×m and an operator Q ∈ L(Z1, Z2), the stan-

dard tensor product is denoted by M ⊗Q ∈ L(Zm
1 , Zm

2 ).

We fix ω ∈ R and a matrix M ∈ Cm×m with spectrum lying on

C+
ω := { z ∈ C : Re z > ω }.
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For a holomorphic mapping H : C+
ω → L(Z1, Z2), we define the

linear and bounded operator H(M) : Zm
1 → Zm

2 by

(3) H(M) =
1

2πi

∫
γ
(λ−M)−1 ⊗H(λ) dλ,

where γ is any simple closed, positively oriented path lying on

C+
ω surrounding the spectrum of M .

Notice that in case H(λ) decays fast enough at ∞, for instance,

in the sectorial situation studied in [Lubich-Ostermann, 93], we

can deform γ to a suitable path Γ connecting −i∞ to +i∞ and

get

(4) H(M) =
1

2πi

∫
Γ
(M − λ)−1 ⊗H(λ) dλ.
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The key point behind definition (3) is its good behaviour with

respect to compositions. More precisely, consider a third complex

Banach space Z3 and another holomorphic mapping

G : C+
ω → L(Z2, Z3).

We can see that

F (M) = G(M)H(M),

where F : C+
ω → L(Z1, Z3) stands for the pointwise composition

F (λ) = G(λ)H(λ), λ ∈ C+
ω .
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Finally, when H = B̃ is a Laplace transform

B̃(λ) =

∫ +∞

0
e−λtB(t) dt, λ ∈ C+

ω .

of some original B̃ : C+
ω → L(Z1, Z2) with∫ +∞

0
e−ωt‖B(t)‖Z1→Z2

dt < +∞,

we can justify that

H(M) = B̃(M) =

∫ +∞

0
e−Mt ⊗B(t) dt,

a fact we use in some proofs.
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Runge-Kutta convolution quadrature

Let us consider an m-stage Runge-Kutta method with coeffi-

cients c, b ∈ Rm, Oι ∈ Rm×m. Set 1l = (1, . . . ,1)T ∈ Rm and let

R(z) = 1 + zbT (I − zOι)−11l

be the stability function of the method. We assume that the

method is A-stable, i.e. that |R(z)| ≤ 1, for Re z ≤ 0.
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Moreover, we make the extra assumption that the spectrum of

the matrix Oι lies on C+
0 . Thus, a large variety of commonly

used Runge-Kutta methods (like Radau and Gauss ones) fit in

this framework.

To express the Runge-Kutta approximations in terms of gene-

rating functions, we also introduce the matrix valued analytic

function

(5) ∆(ζ) =

(
Oι +

ζ

1− ζ
1lbT

)−1

.
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The hypothesis on the spectrum of Oι, together with an argu-

ment of continuity, show the existence of δ > 0, r > 0 and C such

that

‖e−s∆(ζ)‖ ≤ Ce−δs, |ζ| ≤ r, s ≥ 0.

Given ω ∈ R, we set τ0(ω) > 0 a threshold satisfying ωτ0(ω) < δ

(which means no restriction when ω ≤ 0), so that the spectrum

of ∆(ζ)/τ is contained in C+
ω , for 0 < τ ≤ τ0(ω) and |ζ| ≤ r, and∫ +∞

0
‖etω−t∆(ζ)/τ‖dt ≤ C

∫ +∞

0
e−(δ/τ−ω)t dt < +∞
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Now we briefly recall how the Runge-Kutta method can be used

to build up a convolution quadrature. To this end, following

[Lubich-Ostermann, 93], we first consider the linear equation

(6) y′(t) = λy(t) + g(t), t ≥ 0, with y(0) = 0,

with coefficient λ ∈ C and source term g : [0,+∞) → Z taking

values in some complex Banach space Z. Given a time step

τ > 0 and denoting tn = nτ , gnj = g(tn + cjτ), n ≥ 0, 1 ≤ j ≤ m,

the Runge-Kutta method applied to (6) reads

(I − τλOι)Yn = 1l⊗ yn + τOιgn, yn+1 = yn + τbT (λYn + gn) ,

where

Yn = (Yn1, . . . , Ynm)T , gn = (gn1, . . . , gnm)T .
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In terms of generating functions

Yλ(ζ) =
+∞∑
n=0

Ynζn, G(ζ) =
+∞∑
n=0

gnζn and yλ(ζ) =
+∞∑
n=0

ynζn,

the method becomes [Lubich-Ostermann, 93]

Yλ(ζ) =

(
∆(ζ)

τ
− λ

)−1

G(ζ),

and

yλ(ζ) =
τζ

1− ζ
bT ∆(ζ)

τ

(
∆(ζ)

τ
− λ

)−1

G(ζ),

which are analytic mappings, defined at least in some common

disk |ζ| < r, for 0 < τ ≤ τ0(Reλ).
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Next, we consider a convolution

(7) v(t) =

∫ t

0
K(t− s)g(s) ds, t ≥ 0,

where K(t) : Z1 → Z2, t > 0, is a strongly continuous family of

linear operators between two complex Banach spaces, and

g : [0,+∞) → Z1.

We also assume

(8)

∫ +∞

0
e−ωt‖K(t)‖Z1→Z2

dt < +∞,

for some ω ∈ R, so that K admits a Laplace transform K̃(λ).
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We first focus on the situation where K̃(λ) exhibits a fast enough

decay at ∞ so as to guarantee the validity of Bromwich inversion

formula

K(t) =
1

2πi

∫
Γ
etλK̃(λ) dλ, t > 0,

with an appropriate integration path Γ in the complex plane,

connecting −i∞ to +i∞. The key approach in [Lubich-Ostermann,

93] consists in writing convolution (7) as

v(t) =
1

2πi

∫
Γ

K̃(λ)yλ(t) dλ, t ≥ 0,

where yλ : [0,+∞) → Z1 is the solution of

y′λ(t) = λyλ(t) + g(t); yλ(0) = 0.
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In fact, using the inversion formula, we get

v(t) =

∫ t

0
K(t− s)g(s) ds =

∫ t

0

[
1

2πi

∫
Γ
e(t−s)λK̃(λ)

]
g(s) ds,

whence, interchanging the integration order,

v(t) =
1

2πi

∫
Γ

K̃(λ)

[∫ t

0
e(t−s)λg(s) ds

]
dλ.

and clearly

yλ(t) =

∫ t

0
e(t−s)λg(s) ds.
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We first focus on the situation where K̃(λ) exhibits a fast enough

decay at ∞ so as to guarantee the validity of Bromwich inversion

formula

K(t) =
1

2πi

∫
Γ
etλK̃(λ) dλ, t > 0,

with an appropriate integration path Γ in the complex plane,

connecting −i∞ to +i∞. The key approach in [Lubich-Ostermann,

93] consists in writing convolution (7) as

(9) v(t) =
1

2πi

∫
Γ

K̃(λ)yλ(t) dλ, t ≥ 0,

where yλ : [0,+∞) → Z1 is the solution of

y′λ(t) = λyλ(t) + g(t); yλ(0) = 0.
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Replacing now yλ by the stages and the numerical approximation

provided by the Runge-Kutta method, we obtain in terms of

generating functions, for small enough τ > 0, a new couple of

functions

V (ζ) =
1

2πi

∫
Γ
[I ⊗ K̃(λ)]Yλ(ζ) dλ, v(ζ) =

1

2πi

∫
Γ

K̃(λ)yλ(ζ) dλ,

which are interpreted as the generating functions of the stages

and the approximations to v(t) = K ∗ g(t).
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Recalling the expressions for the generating functions for the

scalar equation, we see that

V (ζ) = WK(ζ)G(ζ), v(ζ) =
τζ

1− ζ
bT ∆(ζ)

τ
V (ζ),

where

WK(ζ) :=
1

2πi

∫
Γ

(
∆(ζ)

τ
− λ

)−1

⊗ K̃(λ) dλ.

As remarked before, the fast decay of K̃(λ) allows us to write

(10) WK(ζ) = K̃

(
∆(ζ)

τ

)
,
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The above remark allows us to define the RQCQ by means of

(10), for general kernels satisfying the simple assumption (8). In

fact, as shown above, the spectrum of ∆(ζ)/τ is contained in

C+
ω , for 0 < τ ≤ τ0(ω) and |ζ| ≤ r, so that (10) is meaningful, for

these general kernels, and defines a generating function indeed.

Notice that the RKCQ makes use of the Laplace transform K̃ of

the kernel, rather than of the kernel K itself, a very interesting

feature in many practical situations.
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To write the RKCQ as a standard recursion, we must first per-

form the Taylor expansions of the generating functions involved

WK(ζ) =
+∞∑
n=0

W
(n)
K ζn,

τζ

1− ζ
bT ∆(ζ)

τ
WK(ζ) =

+∞∑
n=0

w(n)
K ζn,

and we get

vn =
n∑

j=0

w(j)
K gn−j,

for the numerical approximations to (7), with underlying stages

Vn =
n∑

j=0

W
(j)
K gn−j.
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Thus, the numerical approximations have a discrete convolu-

tion structure. Notice that if K = K1 ∗K2 is the convolution

of two strongly continuous kernels satisfying (8), then since

K̃(λ) = K̃1(λ)K̃2(λ), the Holomorphic Calculus implies that

WK(ζ) = WK1
(ζ)WK2

(ζ),

which means that the quadrature weights {W (n)
K }∞n=0 are the

discrete convolution of {W (n)
K1

}∞n=0 and {W (n)
K2

}∞n=0. This is not

the case for the quadrature weights for the numerical solution.
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In case you have forgotten it, let me recall that (1) was the

equation

u(t) = u0 +

∫ t

0
A(t− s)u(s) ds, t > 0,

with initial data u0 ∈ X.
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The method for the convolution equation

Let us go back to the abstract convolution equation (1). In

order to apply the RKCQ, we must assume that the kernel is of

exponential growth, i.e.∫ +∞

0
e−ωt‖A(t)‖D→X dt < +∞,

for some ω ∈ R, so that A admits a Laplace transform Ã(λ),

Reλ > ω.
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Approximating the convolution in the right and side of (1) by

the RKCQ we are led to the couple of generating functions

U(ζ) =
∑+∞

n=0 Unζn for the stages and u(ζ) =
∑+∞

n=0 unζn for the

approximations fitting in

(11) U(ζ) =
1

1− ζ
1l⊗ u0 + WA(ζ)U(ζ)

and

(12) u(ζ) =
u0

1− ζ
+

τζ

1− ζ
bT ∆(ζ)

τ
WA(ζ)U(ζ),

where WA(ζ) = Ã
(
∆(ζ)

τ

)
is defined by the Holomorphic Calculus.
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Notice that obtaining U(ζ) requires solving linear systems with

coefficient operator

(13) I − Ã

(
∆(ζ)

τ

)
: Dm → Xm.

Thus, henceforth we will assume that the operator (I − Ã(λ)) : D → X

admits a bounded inverse

(I − Ã(λ))−1 : X → D ⊂ X.

Then the Holomorphic Calculus shows that, for small enough τ ,

the bounded operator(
I − Ã

(
∆(ζ)

τ

))−1

: Xm → Dm ⊂ Xm

is the inverse of the operator in (13).
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Therefore, we can conclude that

U(ζ) =

(
I − Ã

(
∆(ζ)

τ

))−1 1

1− ζ
1l⊗ u0.

As we observed before, for 0 < τ ≤ τ0(ω), this expression is holo-

morphic for |ζ| < r, so that U(ζ) is a generating function indeed.

Expanding

Ã

(
∆(ζ)

τ

)
=

+∞∑
n=0

W
(n)
A ζn

leads to the implicit, meaningful recursion(
I −W

(0)
A

)
Un = 1l⊗ u0 +

n∑
j=1

W
(j)
A Un−j.
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Representation in terms of the continuous solution

Theorem 1. Under the above hypothesis on the Runge-Kutta

method, for each n ≥ 0 and τ > 0, there exists a unique scalar

measure µn,τ on [0,+∞), with bounded total variation, such

that the numerical approximation to any well-posed convolution

problem (1) with growth eωt can be represented in terms of the

continuous solution as

(14) un =

∫ +∞

0
E(t)u0 dµn,τ(t), 0 < τ ≤ τ0(ω).
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It is easy to identify the measures in (14), since they are inde-

pendent of the equation. In fact, taking the scalar test problem

u′(t) = −λu(t), t ≥ 0; u(0) = 1,

for which the RKCQ and the standard RK discretization are the

same, we deduce that

R(−τλ)n =

∫ +∞

0
e−λt dµn,τ(t),

that is, the Laplace transform of µn,τ is R(−τλ)n.
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Thus, the numerical solution can be understood, in a wide sense,

as a weighted average of the exact one. This representation was

already known in the case of C0-semigroups [Brenner-Thomée,

79], for which is worth remarking that, after the theorem, the

RKCQ is equivalent to the standard Runge-Kutta discretization

of the underlying IVP. It was also noticed for fractional wave

equations and the implicit Euler method in [Cuesta-Palencia,

03]. On the other hand, the proof shows, for 0 < τ ≤ τ0(ω),∫ +∞

0
eωt d|µn,τ |(t) < +∞,

so that the integral in the representation is certainly convergent.
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For the BE method we have that µn,τ is a probability. Therefore,

when X is a Banach lattice, is clear that

un ≥ 0, n ≥ 0,

whenever u(t) ≥ 0, t ≥ 0 (cf. [Bolley-Crouzeix, 79, Cuesta-Palencia,

03]).
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Proof of Theorem 1. Algebraic manipulations and Lemma 2.5

in [Lubich-Ostermann, 93] provide the representation

u(ζ) =
1

1−R(∞)ζ
u0 +

τζ

(1− ζ)2
bT ∆(ζ)

τ

(
I − Ã

(
∆(ζ)

τ

))−1

1l⊗ u0.

We try to use the continuous operator here. To this end, we

take the Laplace transform in both members of the continuous

equation and get

Ẽ(λ) =
1

λ
(I − Ã(λ))−1, Reλ > ω.

whence, by the Holomorphic Calculus, we deduce that(
I − Ã

(
∆(ζ)

τ

))−1

=
∆(ζ)

τ
Ẽ

(
∆(ζ)

τ

)
,

which inserted in the above representation for u(ζ) yields

33



u(ζ) =
1

1−R(∞)ζ
u0 +

τζ

(1− ζ)2
bT

(
∆(ζ)

τ

)2

Ẽ

(
∆(ζ)

τ

)
1l⊗ u0.

Reading this formula in terms of discrete convolutions, we realize

that it is enough to show that the weights in

Ẽ

(
∆(ζ)

τ

)
=

+∞∑
k=0

W
(k)
E

can be expressed as integrals of E(t) with respect to some sui-

table measure.
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To this end, we recall the alternative form

Ẽ

(
∆(ζ)

τ

)
=

∫ +∞

0
e−

∆(ζ)
τ t ⊗ E(t) dt,

which, in view of the definition of the threshold τ0(ω), is an

absolutely convergent integral. Then, Cauchy’s integral formula,

applied to a small circle |ζ| = ρ, gives

W
(k)
E =

∫ +∞

0
∆k,τ(t)⊗ E(t) dt,

for k ≥ 0, where

∆k,τ(t) =
1

2πi

∫
|ζ|=ρ

1

ζk+1
e−

∆(ζ)
τ t dζ, t ≥ 0.
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Error analysis

Due to representation in Theorem 1, we can carry out the error
analysis of the Runge-Kutta method by means of the ideas in
[Brenner-Thomée, 79]. Moreover, we could even account for the
propagation of the computational errors (or different sources of
them, such as the ones due to spatial discretization).

We maintain all the previous assumptions, on both problem (1)
and the Runge-Kutta method. We also assume that the classical
order of the method is p ≥ 1, which implies

R(z)− ez = O(zp+1), as z → 0.

Now we prove a technical lemma which will simplify the proof of
the convergence theorem below.
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Lemma. Set εn,τ = δtn − µn,τ , n ≥ 0, τ > 0 and set

ε
(−q)
n,τ =

1

(q − 1)!

∫ t

0
(t− s)q−1 dεn,τ(s), 1 ≤ q ≤ p + 1, t > 0.

We have:

i) The first p + 1 moments of the measure εn,τ vanish, i.e.

mq =

∫ +∞

0
tq dεn,τ(t) = 0, 0 ≤ q ≤ p.

ii) There exist C∗ > 0 and κ > 0, depending on the Runge-Kutta

method, such that, for 0 ≤ a ≤ δ/τ ,∫ +∞

0
eat|ε(−(p+1))

n,τ (t)|dt ≤ C∗eκatntnτp.
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Theorem 2. Let u : [0,+∞) → X be the solution of (1) given

by

u(t) = E(t)u0, t ≥ 0.

Assume that u is (p + 1)-times differentiable and that

‖u(p+1)(t)‖ ≤ Ceat, t ≥ 0,

for some u-dependent constants C > 0 and a ∈ R. Then, for

0 < τ ≤ min{τ0(ω), τ0(a)}, there holds

‖u(tn)− un‖ ≤ CC∗tnτpea+κtn sup
0≤t<+∞

e−a+t‖u(p+1)(t)‖,

where un is the numerical approximation at tn = nτ , n ≥ 0, C∗

and κ are some constants depending solely on the Runge-Kutta

method and a+ = max{0, a}.
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Notice that if u is only q-times differentiable, with 1 ≤ q ≤ p, and

(15) ‖u(q)(t)‖ ≤ Ceat, t ≥ 0,

then, since the method can be understood as to be of order

q − 1, we also have

(16) ‖u(tn)− un‖ ≤ CC∗tnτ(q−1)ea+κtn sup
0≤t<+∞

e−a+t‖u(q)(t)‖.

In fact, the proof of the theorem, but now using the bound

for the total variation of ε
(−q)
n,τ given in Theorem 4 in [Brenner-

Thomée, 79], allows us to somehow improve the error estimate

for intermediate values of q.
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More precisely, assume that u satisfies (15), for some 0 ≤ q ≤ p + 1

and q 6= (p + 1)/2, and set

β(q) = q
p

p + 1
+ min

{
0,

q

p + 1
−

1

2

}
.

Then,

‖u(tn)− un‖ ≤ CC∗tq−β(q)
n τβ(q)ea+κtn sup

0≤t<+∞
e−a+t‖u(q)(t)‖.

Note that this bound really improves (16), since β(q) > q − 1,

for 1 ≤ q ≤ p and q 6= (p + 1)/2. Moreover, for q = 0, we have

β(0) = −1/2, which readily leads to the stability result

‖un‖ ≤ CC∗n1/2ea+κtn sup
0≤t<+∞

e−a+t‖u(t)‖.

40



As remarked in [Brenner-Thomée, 79], these estimates are sharp

in general, even in the context of semigroups and IVPs, though

they might be not for particular problems, such as parabolic ones.

On the other hand, the estimate for q = (p + 1)/2 introduces a

logn factor. Finally, in case |R(∞)| < 1, |R(z)| exhibits some

decay along the imaginary axis of the form

|R(iξ)| ≤ e−b|ξ|r, −1 ≤ ξ ≤ 1, 1 ≤ r ≤ p + 1,

the estimate for the total variation of ε
(0)
n,τ provided in Theorem 2

in [Brenner-Thomée, 79] yields the improved stability bound

(17) ‖un‖ ≤ CC∗n(1/2)(1−(p+1)/r)ea+κtn sup
0≤t<+∞

e−a+t‖u(t)‖.

For instance, for the implicit Euler method, r = 2 and therefore

no power of n occurs.
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To conclude, we make some remarks about the propagation of

the computational errors. To be more precise, assume that

when solving the stages equations we get computational stages

U∗
n ∈ Xm, n ≥ 0, fitting into

(18)
(
I −W

(0)
A

)
U∗

n = 1l⊗ u0 +
n∑

j=1

W
(j)
A U∗

n−j + Rn,

for some residuals Rn = (Rn1, . . . , Rnm)T ∈ Xm.

Similar arguments to the ones in the proofs of the above results

show that

‖cn‖ = O
(√

n eωκtn
) n−1∑

j=0

‖Rj‖,

though in some cases it can be improved through (17).
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Numerical illustration. Let us consider the equation

(19) ut = auxx, x ∈ R, t ≥ 0,

in the Lp(R) setting, with initial given initial data

u(0, x) supported in [0,1].

A positive value of a corresponds to the heat equation

(parabolic) and an imaginary value of a corresponds

to the free Schrödinger equation an IVP, which does

not fit in the sectorial framework.
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We discretize the spatial derivatives using standard

second order finite differences on a uniform grid xj =

jh, −∞ < j < +∞, with h = 1/J.



Denoting Uj(t) ≈ u(t, xj), we get the infinite set of ordinary

differential equations

U̇j(t) =
a

h2

[
Uj+1(t)− 2Uj(t) + Uj−1(t)

]
, j ∈ Z, t ≥ 0,

with initial condition Uj(0) = u(0, xj), j ∈ Z. Since the support

of the initial data is contained in the interval [0, Jh] = [0,1], the

above system can be reduced to an interior problem

U̇j(t) =
a

h2

[
Uj+1(t)− 2Uj(t) + Uj−1(t)

]
, 0 ≤ j ≤ J, t ≥ 0,

with initial data Uj(0) = u(0, xj), 0 ≤ j ≤ J, and appropriate

boundary conditions.
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The discrete transparent boundary conditions turn out to be

U−1(t) =

∫ t

0
k(t− s)U0(s)ds,

and

UJ+1(t) =

∫ t

0
k(t− s)UJ(s)ds,

where k(t) is the inverse Laplace transform of

r−(λ) = 1 +
λh2

2a
−

√
λh2

a

(
1 +

λh2

4a

)
.
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Considering U−1(t) and UJ+1(t) as new unknown functions, we fi-

nally arrive to the problem (on the computational window [0,1]):

U(t) = U(0) +

∫ t

0
A(t− s)U(s)ds,

where U(t) =
[
U−j(t)

]J+1
j=−1 and

A(t) =


0 k(t) 0 · · · 0
a
h2

−2a
h2

a
h2

. . . ...

0 . . . . . . . . . 0
... . . . a

h2
−2a
h2

a
h2

0 · · · 0 k(t) 0

 .
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Experiment 1. We take a = 0.1 (heat equation) and initial data

(Ehrhardt’s thesis, 2001)

u(0, x) =

{
cos2

(
π
2

(
x−1/2
0.45

))
if |x− 0.5| < 0.45,

0 elsewhere.

For the time integration of the semidiscrete problem we choose

the BE method. Parameters are choosen to be h = 1/40 and

τ = 1/20.
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In the next figure we have plotted the initial data (solid line) and

the numerical solutions at times t = 0.2 and t = 1. The das-

hed lines correspond to solutions of with transparent boundary

conditions, while the dashed-dotted lines represent data obtai-

ned in a similar way but working in a wider window [−1,2] with

the same discretization parameters h = 1/40 and τ = 1/20. We

will observe that there is almost no difference between numerical

solutions corresponding to the same time, as corresponds to the

use of transparent boundary conditions. In fact, their difference

is of order 10−15, which corresponds to the size of round off

errors.
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Experiment 2. We take a = i/2 (Schroedinger equation) and

initial data (Ehrhardt’s thesis, 2001)

u(0, x) = ei100x−30(x−1/2)2,

which is practically supported in [0,1].
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For the time integration of the semidiscrete problem we use the

convolution quadrature method based on the implicit midpoint

rule. Let us denote by un, Un ∈ CJ+3 the approximations to

u(tn) and the corresponding stages, tn = nτ , n ≥ 0.

In our numerical experiments we have considered, as in Ehr-

hardt’s thesis , h = 1/160 and τ = 2.0 × 10−5. In next figure

we plot the absolute value of the initial data (solid line) and

the numerical solutions (dashed line) at times t = 4 × 10−3,

t = 6× 10−3, t = 8× 10−3 and t = 1× 10−2.
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Since in the hilbertian setting the time discretization of in the

whole line is a contraction, our representation Theorem ensu-

res that the energy ‖un‖ (measured in the discrete L2-norm) is

bounded by ‖u0‖. In fact, we observe how the numerical solution

travels to the right without artificial reflections coming from the

boundary.
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