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General context

Hypothesis:

perfectly conducting wire.

k " � 1.

" = thickness

k = wave number

Conte xt: Simulation of EM wave propagation in media including perfectly
Conte xt: conducting thin wires (ex: antennas).

Appr oach: Integral equation.
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Pocklington's equation

Main features

It is a one dimensional simpli�ed version of the usual two dimensional
integral equation (EFIE) for Maxwell's problem. It is computationally
easier to handle.

It assumes that the current is constant on each section of the wire.

It is well posed.

It requires boundary conditions at the tips.

We don't know any fully rigorous derivation of this equation.

Theoretical remark on Pocklington's equation – p.3/53



Pocklington's equation

Mean current

J

eZ

Mean incident �eld

bE 0(z)eZ

Thickness "

Average on
each section S(z)

'
bJ (z)
2� "

eZ =
1

2� "

Z

S(z)
J(x)dx

=
1

2� "

Z

S(z)
E0(x)dx

One dimensional integral equation

(
d2

dz2 + k2)
Z +1

� 1

bK " (z; z0) bJ (z0)dz0 = bE 0(z) ; z 2 [� 1; 1];

boundary conditions: bJ (� 1) = bJ (1) = 0:
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Pocklington's model

References (well posedness, theoretical study)

Pocklington Electrical Oscillations in wires, Pro. of the Cambridge
Philosophical society, 1897

Jones Note on the integral equation for a straight antenna, in IEE Proc.,
1981

Rynne The well-posedness of the integral equation for wire antennas, in
IMA J. Appl. Math., 1992

Mazari Détermination par une méthode d'équations intégrales du champ
électromagnétique rayonné par une structure �lif orme, PhD thesis PARIS
VI, 1991
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Pocklington's model

References (numerical treatment)

Duncan, Davies, Funken Acurate and ef�cient algorithms for frequency
domain scattering from a thin wire J.Comput.Phys., 2001

Bruno, Haslam Regularity theory and superalgebraic solvers for wire
antenna problems SIAM J. Sci. Comput., 2007

Motiv ations for a rigor ous deriv ation (for a model problem)

Quantify the error between the solution of Pocklington's model and the
solution of the EFIE.

Provide a natural functional setting.

Clarify the question of the boundary conditions at the tips.
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Sketchof the method

“Exact” volumic

formulation
unknowns: (u" ; p" )

“Simpli�ed” volumic

formulation
unknowns: (bu" ; bp" )

Asymptotics

6

?

-

2D integral equation

unknown: p"

1D integral equation

unknown: bp"

-

Asymptotics
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OUTLINE

1. Model problem of acoustics.
Formal deriv ation of a 1D equation.

2. Adapted spher oidal geometr y.
Related coor dinates.

3. Mixed (volumic) variational form ulation.

4. Results of asymptotic analysis.

5. Deriv ation of a simpli�ed form ulation.
Associated 1D equation.
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Model case

Hypothesis:

perfectly conducting wire.

k " � 1.

f = source

u0 = incident �eld

Limit problem

8
>><

>>:

� u0 + k2u0 = f in R3;

u" = 0 on � " ;

u0 outgoing.
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Model case

Hypothesis:

perfectly conducting wire.

k " � 1.

u" = total �eld
 " = exterior space

� " =
boundary of the wire

Model problem

8
>><

>>:

� u" + k2u" = f in 
 " ;

u" = 0 on � " ;

u" outgoing.

Remark: u" ! u0 when " ! 0.

Notation: p" =
@u"

@ne
j � "

e
(current).
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Pocklington's model

"- �

Cylindrical � "

�
��


� "
+

Pocklington's assumptions

A1: u0(x) ' bu0(z).

A2: p" (x0) '
bp" (z0)
2� "

.

A3:
R

� "
+

;
R

� "
�

' 0.

Single layer potential equation
Z

� "
K (x; x0)p" (x0)d� (x0) = � u0(x)
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Pocklington's model
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Pocklington's model

"- �

Cylindrical � "

Pocklington's assumptions

A1: u0(x) ' bu0(z).

A2: p" (x0) '
bp" (z0)
2� "

.

A3:
R

� "
+

;
R

� "
�

' 0.

Pocklington's integral equation

Z +1

� 1

bK " (z; z0) bp" (z0) dz0 = � bu0(z)

bK " (z; z0) =
1

2�

Z 2�

0

eik
p

(z� z0)2 +4 " 2 sin 2 ( '= 2)

4�
q

(z � z0)2 + 4"2 sin2('= 2)
d'
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Pocklington's model

"- �

Remark
No asymptotic analysis is available
for this shape so we must consider
a different one (rounded tips).

Pocklington's assumptions

A1: u0(x) ' bu0(z).

A2: p" (x0) '
bp" (z0)
2� "

.

A3:
R

� "
+

;
R

� "
�

' 0.

Validity?

kp" �
bp"

2� "
k

kp" kT 6 ?
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Pocklington's model
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Ellipsoidal geometry

Ellipsoidal coordinates

8
>>><

>>>:

x = �
p

1 � � 2 cos'; � 2 [0; + 1 ]

y = �
p

1 � � 2 sin '; � 2 [� 1; +1]

z =
p

1 + � 2 � ; ' 2 [0; 2� ]:
'

�

�

-Segment I
� = 0

� 2 [� 1; +1]

De�nition of the wire

(� " ) : � = " �( � ):

with � 2 C1 , and 0 < � � < �( � ) < � + .
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Ellipsoidal geometry
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OUTLINE

1. Model problem of acoustics.
Formal deriv ation of a 1D equation.

2. Adapted spher oidal geometr y.
Related coor dinates.

3. Mixed (volumic) variational form ulation.

4. Results of asymptotic analysis.

5. Deriv ation of a simpli�ed form ulation.
Associated 1D equation.
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Mixed Formulation of the problem

Remark
We restrict the problem to a bounded domain BR using a DtN map.

Description of the form ulation

It computes the extended function

(
= u" in 
 "

= 0 inside � " rewritten u" .

It is posed on BR , not only 
 " .

It takes into account the Dirichlet boundary condition as an additional
constraint.

It introduces an additional unknown p" corresponding to [
@u"

@n
]j � " = p" .
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Mixed Formulation of the problem

Find (u" ; p" ) 2 H 1(BR ) � H � 1=2(� " ) such that
8v 2 H 1(BR ); 8q 2 H � 1=2(� " );

8
>><

>>:

Z

B R

r u" � r v � k2u" v +
Z

@B R

vTR u" +
Z

� "
p" v = �

Z

B R

f v;
Z

� "
u" q = 0:

@BR

� "

Remark: Well posed problem for standard norms.

kvkH 1 (B R ) = kvkL 2 (B R ) + kr vkL 2 (B R ) .

jqj� 1=2;� " = ?
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Functional spaceon the wir e

De�nition of the norm

G" : � " ! �

x(�; � ; ' ) 7! x(
�
"

; � ; ' )

� = " �( � )
�
"

= �( � )

j v j1=2;� " = j v � (G" )� 1j1=2;� and j qj� 1=2;� " = sup
v2 H 1= 2 (� " )

R
� " qv

jvj1=2;� "
.

Alternative de�nition (P m
l : Legendre functions)

v = v(� ; ' ) =
X

m;l

vm
l Pm

l (� ) eim' jvj21=2;� " =
X

m;l

jvm
l j2

Exemple: j 1 j1=2;� " = 1; 8" (small enough).
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Mixed Formulation of the problem

Find (u" ; p" ) 2 H 1(BR ) � H � 1=2(� " ) such that
8v 2 H 1(BR ); 8q 2 H � 1=2(� " );

8
>><

>>:

Z

B R

r u" � r v � k2u" v +
Z

@B R

vTR u" +
Z

� "
p" v = �

Z

B R

f v;
Z

� "
u" q = 0:

Lemma 0.1 (stable lifting)
There exists a map R " : H 1=2(� " ) ! H 1(BR ) such that R " (v)j � " = v and
kR " (v)kH 1 (B R ) 6 � jvj1=2;� " , with � independant of " .

Corollar y 0.1 (stability )
There exists � > 0 independant of " such that

ku" kH 1 (B R ) + jp" j� 1=2;� " 6 � kf kL 2 (B R )

Theoretical remark on Pocklington's equation – p.27/53



OUTLINE

1. Model problem of acoustics.
Formal deriv ation of a 1D equation.

2. Adapted spher oidal geometr y.
Related coor dinates.

3. Mixed (volumic) variational form ulation.

4. Results of asymptotic analysis.

5. Deriv ation of a simpli�ed form ulation.
Associated 1D equation.

Theoretical remark on Pocklington's equation – p.28/53



Matched asymptotics

Question: Behavior of (u" ; p" ) when " ! 0?

Idea: Construction of a more explicit approximate �eld (eu" ; ep" ) by
matched asymptotics.

Remark: We are just looking for the �rst terms of the expansion of u" . It is
possible to apply Kondratiev's techniques in order to obtain a full
expansion (Tordeux, Vial, Nicaise, Dauge, Costabel. . . ).

What we want to sho w

ku" � eu" kH 1 (B R )

ku" kH 1 (B R )
+

jp" � ep" j� 1=2;� "

jp" j� 1=2;� "
6 � " 1=2 ln2 1=":
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Matched asymptotics

Question: Behavior of (u" ; p" ) when " ! 0?

Idea: Construction of a more explicit approximate �eld (eu" ; ep" ) by
matched asymptotics.
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Matched asymptotics

According to the stability properties: ku" � u0kH 1 (B R ) ! 0.

We are looking for a correction term u"
1 (! 0) satisfying

ku" � u0 � u"
1kH 1 (B R )

ku" � u0kH 1 (B R )
! 0 as " ! 0:

(impossible in whole BR )

Formally

) � u" + k2u" = f in 
 " (! BR n I )

) � u0 + k2u0 = f in BR

) � u"
1 + k2u"

1 = 0 in BR n I

u0; u" outgoing ) u"
1 outgoing.

2 consequences: � Singular behavior of u"
1 near I .

2 consequences: � Apparition of a boundary layer near I .
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Matched asymptotics

Delimitation of far �eld and near �eld zones

Far �eld zone Z "
f

Located in
p

" < �

u" ' u0 + u"
1

Coordinates: �; � ; '

-

(� " ) : � = " �( � )

��������)

Near �eld zone Z "
n

Located in � < 2
p

"
u" ' U"

1

Coordinates: � = "R ; � ; '

(� " ) : R = �( � )

PPPPPi
Overlapping zone Z "

n \ Z "
fp

" < � < 2
p

" (! 0)
1

p
"

< R <
2

p
"

(! 1 )
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Far �eld

� u"
1 + k2u"

1 = 0 in BR n I , u"
1 outgoing, u"

1 singular near I .

We choose u"
1 =

Z

I
a" (x0)

eik jx � x 0j

4� jx � x0j
d� (x0).

This u"
1 corresponds to the �eld radiated by a lineic

repartition of point sources with distribution a" 2 L 2(I ).

u"
1(x) = ? (when x ! I )

a" (� )
2�

ln(
1
�

) +
Z +1

� 1

a" (z) � a" (� )
4� jz � � j

dz +
Z +1

� 1
a" (z)

eik j � � zj � 1
4� j� � zj

dz + O(� ln � ).

Remarks � Simple expansion thanks to spheroidal coordinates.
Remarks � u"

1 is de�ned up to the choice of a" .
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Near �eld

Helmholtz equation in scaled coordinates ("R = � )

0 = � ? U"
1

0 =
1
"2

� 1
R

@
@R

R
@u"

@R
+

1
R2

@2u"

@' 2

�
+ L 0(R

@
@R

;
@

@'
;

@
@�

)u" + "2R2k2u"

0 = 1
" 2

� 1
�

@
@�

�
@u"

@�
+

1
� 2

@2u"

@' 2

�
+ L 0(�

@
@�

;
@

@'
;

@
@�

)u" + � 2k2u"

0 = � u" + k2u"
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Near �eld

Helmholtz equation in scaled coordinates

0 = � ? U"
1

in 
 N (� ) = f x(R; ' ) 2 R2 s.t. R > �( � ) g ; 8� 2 [� 1; +1] :

0 = U"
1 on @
 N (� ).

Condition at in�nity ?

lim supR !1 jU"
1 (R; '; � ) � b" (� ) ln(R)j < 1

U"
1 (R; '; � ) = b" (� ) ln(

R
�( � )

)

U"
1;� (R; ' ) = b" (� ) ln( � ) + b" (� ) ln

1
"

+ b" (� ) ln
1

�( � )
.

Remark: We suppose that U"
1 is extended by 0 inside the wire.
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Matching

There only remains to de�ne a" and b" . We apply the matching principle

u0(x) + u"
1(x) � U"

1 (x) ! 0 when x 2 Z "
n \ Z "

f and " ! 0

The matching relations are, 8� 2 [� 1; +1]
8
>><

>>:

a" (� )
2�

+ b" (� ) = 0;

ln
1
"2 a" (� ) +

Z +1

� 1

a" (z) � a" (� )
jz � � j

dz +
�

B a"
�

(� ) = � 4� bu0(� ):

with
�
B a"

�
(� ) = ln 1

�( � ) a" (� ) +
R+1

� 1 a" (z) eik j � � z j � 1
4� j � � zj dz.

with
�
B : L 2(I ) ! L 2(I ) continuous.

Remark There are critical values (" n ) with "n ! 0
n ! 0

for which this equation

Remark is not well posed (when " = "n ) !
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Matching

�
Aa" �

(� ) =
Z +1

� 1

a" (z) � a" (� )
jz � � j

dz:

A : D(A)
�

� L 2(I )
�

! L 2(I ) is an unbounded self-adjoint operator.

A is diagonalized by Legendre polynomials.

� (A) = f 0g [ f�
NX

n =1

1
n

; N 2 N n f 0g g.

Functional setting

E s(I ) =
�

v 2 L 2(I ) s.t.

+ 1X

n =0

� Z

I
v(z)Pn (z) dz

� 2
(1 + n2)s+1 =2 < + 1

	
:

E s(I ) =
�

v 2 H s(S2) s.t.
@v
@'

= 0
	

:
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Matching

Theorem (regularization)

There exists R" : E s(I ) ! E s(I ) continuous 8s 2 R such that for
v0 2 C1 (I ) there exists a unique v" 2 \ n 2 NE n (I ) satisfying

�
ln

1
"2 Id + A + B + R"

�
v" = v0;

and 8m; n 2 N; 9� > 0 with kR" v" kE n ( I ) 6 � "m .

Choice of a"

We choose a" according to this result with v0 = � 4� bu0.
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Matched asymptotics

Ansatz: eu" (x) = (1 � � " (� ))(u0(x) + u"
1(x)) + � " (� )U"

1 (x):

Incident �eld u0

0 0.2 0.4 0.6 0.8 1 1.2 1.4
-0.5

0

0.5

1

1.5

� "

� "

�p
" 2

p
"

h
z}|{
hh

h
z }| {
hhhhhh

Cut-off function:
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Matched asymptotics

Ansatz: eu" (x) = (1 � � " (� ))( u0(x) + u"
1(x)) + � " (� )U"

1 (x):

Far Field

u"
1(x) =

Z

I
a" (x0)

eik jx � x 0j

4� jx � x0j
dx0 , a" 2 L 2(I ).

Near Field

U"
1 (x) = �

a" (� )
2�

ln
� �

" �( � )

�
1�>" �( � ) .

Theoretical remark on Pocklington's equation – p.41/53



Matched asymptotics

Ansatz: eu" (x) = (1 � � " (� ))( u0(x) + u"
1(x)) + � " (� )U"

1 (x):

Far Field

u"
1(x) =

Z

I
a" (x0)

eik jx � x 0j

4� jx � x0j
dx0 , a" 2 L 2(I ).

Near Field

U"
1 (x) = �

a" (� )
2�

ln
� �

" �( � )

�
1�>" �( � ) .

Remark
eu" is extended by 0 inside the wire � " .
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Matched asymptotics

Ansatz: eu" (x) = (1 � � " (� ))( u0(x) + u"
1(x)) + � " (� )U"

1 (x):

De�ne ep" =
@eu"

@ne
j � "

e
=

@U"
1

@ne
j � "

e

()
@ep"

@'
= 0).

Theorem
There exists a" 2 C1 (I ) and � 0; � 1; � 2 > 0 independant of " such that

ku" � eu" kH 1 (B R )

ku" kH 1 (B R )
+

jp" � ep" j� 1=2;� "

jp" j� 1=2;� "
6 � 0 " 1=2 ln2 1=";

and
� 1

ln 1="
6 jp" j� 1=2;� " 6

� 2

ln 1="
:
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OUTLINE

1. Model problem of acoustics.
Formal deriv ation of a 1D equation.

2. Adapted spher oidal geometr y.
Related coor dinates.

3. Mixed (volumic) variational form ulation.

4. Results of asymptotic analysis.

5. Deriv ation of a simpli�ed form ulation.
Associated 1D equation.
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Simpli�ed model

Recall that
@ep"

@'
= 0 and ep" 2 H � 1=2(� " ).

) ep" 2 E � 1=2(I )

De�nition

E s(I ) = f q 2 H s(S2) j
@q
@'

= 0 g.

ex: q 2 E 0(I ) = L 2(I ) , q 2 L 2(S2) and q(� ; ' ) = q(� ).

Remark

E s(I ) = f q 2 H s(� " ) j
@q
@'

= 0 g (� " is diffeomorphic to S2).
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Simpli�ed model

Recall that ep" 2 E � 1=2(I ).

E � 1=2(I ) = f q 2 H � 1=2(� " ) j
@q
@'

= 0 g.

When q 2 E � 1=2(I ) and v 2 H 1=2(� " ),

Z

� "
qv =

Z +1

� 1

Z 2�

0
q(� )v(� ; ' ) "

p
"2 + 1 � � 2d' d�

Z

� "
qv =

Z +1

� 1

�
 

q(� )2� "
p

"2 + 1 � � 2

!
�

 
1

2�

Z 2�

0
v(� ; ' ) d'

!

d�
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@q
@'

= 0 g.

When q 2 E � 1=2(I ) and v 2 H 1=2(� " ),
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Simpli�ed model

Recall that ep" 2 E � 1=2(I ). E � 1=2(I ) = f q 2 H � 1=2(� " ) j
@q
@'

= 0 g.

Find (u" ; p" ) 2 H 1(BR ) � H � 1=2(� " ) such that

8
>><

>>:

Z

B R

r u" � r v � k2u" v +
Z

@B R

vTR u" +
Z

� "
p" v = �

Z

B R

f v;
Z

� "
u" q = 0; 8v 2 H 1(BR ); 8q 2 H � 1=2(� " ):

Find (bu" ; bp" ) 2 H 1(BR ) � E � 1=2(I ) such that

8
>><

>>:

Z

B R

r bu" � r v � k2bu" v +
Z

@B R

vTR bu" +
Z

I
bp" � " [v] = �

Z

B R

f v;
Z

I
� " [bu" ]q = 0; 8v 2 H 1(BR ); 8q 2 E � 1=2(I ):
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Simpli�ed model

Recall that ep" 2 E � 1=2(I ). E � 1=2(I ) = f q 2 H � 1=2(� " ) j
@q
@'

= 0 g.

Remarks

� Weakened boundary condition: � " [bu" ] = 0.

� Restricted (1D) Lagrange multiplier space: E � 1=2(I )

� Well posed problem for " small enough.
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Simpli�ed model

Recall that ep" 2 E � 1=2(I ). E � 1=2(I ) = f q 2 H � 1=2(� " ) j
@q
@'

= 0 g.

Theorem 0.1
There exists � > 0 independant of " such that

ku" � bu" kH 1 (B R )

ku" kH 1 (B R )
+

�
�
�p" �

bp"

2� "
p

"2 + 1 � � 2

�
�
�
� 1=2;� "

jp" jT� 1=2;� "

6 � " 1=2 ln2 1=":
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>>:
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1D integral equation

E 1=2(I ) = f q 2 H 1=2(� " ) j
@q
@'

= 0 g, (E 1=2(I )) 0 = E � 1=2(I ) on L 2(I ).

� " [v](� ) =
1

2�

Z 2�

0
v('; � )d'

t � " : H 1=2(� " ) ! E 1=2(I ) ,

Z

I
q� " [v] =

Z

� "

t � " [q] v

t � " : E � 1=2(I ) ! H � 1=2(� " ), t � " [q](� ; ' ) =
1

p
"2 + 1 � � 2

q(� )
2� "

Integral equation for the simpli�ed model
Z

� " � � "
K " (x ; x0) t � " [bp" ](x0) t � " [q](x) dxdx0 = �

Z

� "
u0(x) t � " [q](x)dx;

8q 2 E � 1=2(I ).
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1D integral equation

Pocklington like kernel

bK " (� ; � 0) =
1

4� 2

Z 2�

0

Z 2�

0

eik jx ( � ;' ) � x ( � 0;' 0) j

4� jx(� ; ' ) � x(� 0; ' 0)j
d' d' 0 ; x ; x0 2 � " :

Pocklington' s equation

Z +1

� 1

bK " (� ; � 0) bp" (� 0) d� 0 = � � " [u0](� ):

jp" � t � " [bp" ]j� 1=2;� "

jp" j� 1=2;� "
6 � " 1=2 ln2 1="

Remark: � strongly depends on u0.
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Conclusions

� First order estimate for the error of Pocklington's model.

� Can be generalized to wires without symmetry of revolution.

� Seems to be valid for (a coercitive version of) Maxwell's equations

� Seems to be valid for curved wires with ellipsoidal tips.

� Valid for a smooth incident �eld.

� Valid in a speci�c geometry (ellipsoidal tips).
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