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O “Curse of dimension”: Computational complexity increases exponentially with
the number of variables.

O Example: Grid with stepwidth h in [0, 1]° has h™ grid points.

O But: there are conceptional difficulties:

> Polynomials usually cannot be factorized.
> Polynomials form no principal ideal ring.
> Relevance of geometry.

Problems: approximation order, rate of convergence, smoothness etc. are
related to polynomials!

“Locally, polynomials are kings" (C. de Boor)

O Real curse of dimension — cursed dimension!
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Definition. ¢ : R — R /s called refinable with respect to a:Z — R if

e=) ak)e(2-—k). ()

JEZL
“Refinement equation”, classical . . .

™

O Relevance: Multiresolution Analysis'™', wavelets.

O “Normally”: Only the coefficient vector a is given explicitly.

> a corresponds to LTI filter (bank) (Linear Time Invariant).

> a has to be constructed appropriately — finite support!

> ¢ only known implicitly as solution of functional equation (*).
> Task: Determine properties of ¢ from a.

The simple case 2
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Geometry of refinable functions

Building blocks of refinement equation:

O dilated functions: ¢(2-).
O translates by k/2: (2 - —Kk).

O weigthed combination:

Multivariate su bdivision

Y 02 —Kk)a(k) = (¢ *a) (2.

kezZ

“semi—discrete” convolution, order will become
important!

O In the example: a = (...,0,1,1,1,0,...).

II The simple case
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O Simple computation:

pxc = (@xa)(2)xc=) @(2-—j) ) ali—2k) c(k)

JEZL keZ

—: @ xS,c(2).

O The operator

is called subdivision operator.

O Alternatively: upsampling and filtering.

The simple case
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Subdivision and convergence

Because of
@*Cc=@*S5q.c(2) =+ =@=*S,c(2"), r €N,

we have

See~f(27).

Definition. Subdivision scheme S is called convergent, if for any c there exists
a limit function f such that

lim [|STc — fe|| = 0

T—00
Compares apples and peas! Discrete and continuous funktion!
and f. # 0 for at least one c.

Remark. Norm < spaces from which c and f. are taken.

The simple case 5
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O Sequence spaces {,(Z) C £(Z), 1 <p < o0.
O Function spaces H, = L,(R), 1 <p < 00, and H, = Cy(R), p = 0.

O Operating on discrete lattices = L., makes no sense.

Definition. For a € {(Z) the Symbol a*(z) is the Laurent polynomial
a*(z) =) a(k)z",  z€C,:=C\{0}
KEZ

27 transformation!

Example. (S.c)” = a*(z) ¢* (2%).

The simple case 6
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O is differentiable.

O can (re)produce polynomials: TTy C @ * {(Z).
“Approximation order”, vanishing moments of filters, compression rates, ...

Theorem. [classical] ¢ stable.
¢ has a first derivative if and only if

1. a*(z) =1 (z4+1)b*(2),

(]

2. the subdivision scheme Sy, converges.

Stability: || * c|| ~ ||c|| — equivalence of norms.

The simple case 7
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O Higher order derivatives by iteration:

‘l T
P € H]]j & a*(z) = (Z—;—r)b*(z), Sy Hp—convergent.

O Consequence: “smoothing” of known refinable functions.
Corresponds to ¢ — @ * X|0.1].

O “Minimal” functions: B—splines.
O Stability is (in general) necessary for characterization.

O Stability gives more:

¢ stable and a-refinable = S, converges.

The simple case 8
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Corollary. Stable @ is differentiable if and only if

1
VS, = > SpV and Sy convergent.

“Factorization” by means of difference operators.
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Why matrix valued?

O Matrix valued masks = multiwavelets!

O Simultanesous processing of vector signals: RGB, biosignals — EEG.
“Multivariate” .

O Reason: Difference operator (discrete gradient)

V1 c(-+¢€)—c
Ve = : c = ;
Vs | L c(-+e)—c |
is vector valued.
O Consequence: VSaA =SV = B € (NsxNs (73)

O Matrix functions needed for iteration! Higher order differentiability . . .

The multivariate case — concepts 11
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Argument:

O Assumption: @ = @ * a(=-) and ¢ stable.
O = S, converges.

O = Exists B € {575 (Z*%) such that

VS, = SgV.

O Can a*(z) be factorized?

> No! a*(z) = p(z)B*(z) doesn't even fit in matrix dimensions.
> Yes! It's a matter of perspective ...

Factorization 12
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O Laurent polynomials: A =R [z, 2_1}, finite sum

/\Bf(z):Zfaz“, ze C3,.

xXEZS

O For A =[a; ... ag define the Laurent ideal

A D <ZA—1>:: (z%—=1:5=1,...,8):= qu(z) (z% —1)

Theorem. VS, =SV if and only if
a*€<z5—1>:<z—1> und a*(z)[z— 1] = B*(z) [ZE

Quotient ideal & representation matrix

Factorization
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O 7, # ldealsin A.

O Quotient ideal:
S F={feN: . I}

O Fors=1we have (z2—1):(z—1) = (z+1).

O Geometrically: V(% : Z)=V(S)\V( 7).

O Here: remove (1,...,1).

0 H-Basis of quotient ideals: masks of minimal support.

O A is no graded Ring, but “Grobner”—algorithms are possible.

Factorization 14
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The representation matrix

O ldeal basis in vector form:
(z%—1:5=1,...,s) = <ZA—1>H [ZA—ﬂ —z9—1:5=1,...,s]
A =[aj ... ag), column vectors

O Now: a*e(z=—1):(z—1) = forj=1,...,s

(ZZ=1y3 (zj—Va*(z) = ) bilz) (z™—-1),
k=1
a*(z) [z—1] = B¥(z) [23—1],

Defines and computes representation matrix B™.

Factorization 15
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Convergence of Sg?

0 For SA = V'SV we only need behavior of Sg on
VENXN (ZS) C VENSXN (ZS) .
Proper subspace for s > 1!

O Example: N =1 (scalar)

1
(Ve)™ (z) = = c’(z) = q' (Ve)'=0, qeS(z—1)

zs— 1 |

Dependency between Components — syzygies

O “Smoothing” is difficult: B has to be of very particular form!

Factorization 17
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O D = [% : jz],...,s} gradient.

O Same procedure: @ stable und A-refinable relative to & C ¢{NXN(Z9)

> Set YV = DO.
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> Refinability:

Yxc=(In®Z")¥xSge (=), ceVZ.
> Sp converges restricted and renormalized (X = Iy @ =)
lim X'Sgec = @ * c, ceVZ.
r—00

O But: Convergence is too much!

Renormalization 20



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)C = O x c,
— 00

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences
O X isotropic

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

O X isotropic = W = (det X)_]/SX has only eigenvalues |- | = 1.

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

O X isotropic = W = (det X)_]/SX has only eigenvalues |- | = 1.
W' contains convergent subsequence.

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

O X isotropic = W = (det X)_]/SX has only eigenvalues |- | = 1.
W' contains convergent subsequence.

0 Subconvergence is not excentric:

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

O X isotropic = W = (det X)_]/SX has only eigenvalues |- | = 1.
W' contains convergent subsequence.

0 Subconvergence is not excentric:

S, convergent = S_q = —S, subconvergent.

Subkonvergence 21



Rennes, 20. March 2008 Multivariate subdivision

And one more concept

Definition. Sa is called subconvergent with normalization matrix X if

klim Xr(k)Sgk)c = O x C, T : N — N monotonically increasing.
—00

Convergence of subsequences

O X isotropic = W = (det X)_]/SX has only eigenvalues |- | = 1.
W' contains convergent subsequence.

0 Subconvergence is not excentric:

S, convergent = S_q = —S, subconvergent.

Happens for ¢ = @ * a (—2-).
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Subconvergence

O Assumption: X isotropic.
O Set 0 = p(X).

O Subconvergence depends only on ¢!

Lemma. Sa is subconvergent for X if and only if Sy;a Is subconvergent. Different
limit functions!

Lemma. [Factorization] Sa subconvergent relative to X then there are B, B’
such that

VX SA = SBV resp. VSA = SB/V.

Subkonvergence 22
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2 n=dimEx = dim % (cT)(O)) — dim % (D).
Additional condition! Convergence fot 1 < n < N.

@ differentiable if and only if there exist B, VY such that

VvnSa =SgVva
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O Y again isotropic = iteration.

0 All assumptions on @ carry over to ¥ = DOV,
O Criteria for higher order differentiability.

0 Phenomena and their origin:

> Matrix masks of increasing size «— multivariate.

> “Adapted” difference operators <— matrix masks.

> Normalization, subconvergence  dilatation matrix =.
> Restricted convergenz <— multivariate.

Differentiability 24
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