Double scale analysis of a Schrédinger-Poisson
system with quantum wells and macroscopic

nonlinearities in dimensions 2 and 3%

*In collaboration with F. Nier and A. Faraj
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Spectral asymptotics as h — 0
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The hypothesis: e1 := info (— A|]Rd + U> < e£g and the nonlinearity of the problem

give an asymptotic bound for the first energy level:
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Apriori estimate on the
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Lemma 1 Under the assumption inf o (— Alpa + U) < £g, we have:
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Asymptotic estimates at the quantum scale
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Lemma 2 The coefficients A?< Ng show the following  properties:
- In dimension d = 3: the set {A?<No,h c (O,ho]} is uniformly bounded w.r.t. h.
- In dimension d = 2: the set {In % A?<NO’ h € (0, ho]} is uniformly bounded w.r.t. h.
where (0, hg] is a suitable right neighbourhood of the origin.
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Lemma 3 For i < Ng, € € (—||U||[~,0) and h € (0, hg], with hg > 0 small
enough, the following properties hold:

- In dimension d = 3, the family <1Qh1 h \Tlh> is relatively compact in LP(R3)
=% "/ he(0.ho]
with p € [1,6).
- In dimension d = 2, the family (1Qh1 h \Tlh> is relatively compact in LP(R?)
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with p € [1, 400).
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Theorem 1 (The 3-D case) Let d = 3 and let V" (resp. V') solve the Schrodinger-

Poisson problem at the classical (resp. quantum) scale.

. The potential at the classical scale, V', converges strongly to 0 in H&(Q)
thHﬂg(Q) = O(h'?)

- By fixing the threshold € g associated with f, there exists a unique (A, W) € (0, +00) X

Hl(R3; R) such that eg = info(—A 4+ U + W) and

{ [-A4+U+W] x=egx, with x € H3(R3), Ixllz2m3y =1,

—AW = A |x|? .
- With above notations, the potential at the quantum scale VI satisfies
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- There exists h1 > 0 such that the eigenvalues 8,? are larger than eg and f(e,?) = 0 for

alli > 2 and all h < hy . The particle density at the quantum scale, =1 3N f(a?)|\Tl,§L|2 =
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Strategy of the proof:
1. A consequence of the Lemmas 2 and 3: out of any infinite subset S C (0, hg] with
0c S, wecan extract D C S, 0 € D, such that
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Let GG be the Green function of —A Gx*fe COO(R3)
and assume f € L1 n L2(R3) |G * f”LOO(IRi?’) < C (Hf“Ll(R?’) + ||f||L2(]R3))
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- Note: The unique non negative eigenvector coincides with the fundamental mode

= | N7 = 1| and the limit problem writes as:

([~A+U+W] x =¢egx, Ixll r2m3) = 1,
eg=info(—A+U+ W),
| —AW =41 al® .

7\




3. We consider the functional K, : H1(R3;R) — R

Ka(W) = %/W (VW)2de —ae(W), a>0

e(W)=info(—Dps+ U+ W), |—Aps+U+W|p(W)=e(W)p(W)
. The maps (W), ¥»(W) are continuous in H1(R3;R) and analytic in the open set
S ={w e H'R%R), (W) < 0}
The map Kq(W) admits a unique global minimum W,. If W, € S

{ [—A + U + Wa] ¢a — 5a¢a

AW, =a |¢a‘2 with eq = (W), ¥a = Y(Wy)

Proposition The map a — &4 is continuous in R™T. Moreover it is analytic and strictly in-
creasing in the domaina € ¥ = {a CRT|egq < O}.
Sketch of the proof: We exploit the convexity of Kq4(W') and
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Theorem 2 (The 2-D case) Let d = 2 and let V" (resp. V') solve the Schrodinger-
Poisson problem at the classical (resp. quantum) scale.
. The potential at the classical scale, V', converges strongly to 0 in H&(Q)
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- Take the threshold e g associated with f and e; = info(—A+U) andset 0 = eg—ej.
Then the potential VI at the quantum scale satisfies for any fixed Kk > 0:
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Strategy of the proof: Let us introduce the rescaled density rh

Bl = |Inh| A}
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Out of any S C (0, hg], 0 € S, we can extract a subset D C S, 0 € D, such that
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. Our strategy consistes into a direct estimate of the L>-norm of V' in regions of size
O(|Inh|). Let R" = k(|Inh|) with £ > 0. Under the assumption (IIl), we prove that
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- Next, using Agmon estimates and the standard inequality:

||u||L2(R2)d(>‘aU(H)) < [|(H — A)U||L2(R2)

We prove:
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