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Motivation

In this talk, we present an asymptotic model that describes the
transport of 3D quantum gas confined in one direction (z € R)
and subject to a strong magnetic field whose direction is in the
transport plane (the horizontal x plane).
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The physical problem and the associated model

Physical problem and associated model

Schrodinger-Poisson system perturbed by a confinement potential
0,V = (iV)?We 4 VoW 4 VEwe,
1

_ 2
V= e -

x = (x1,x) € R? et z € R are the transport and confinement
directions respectively.
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The physical problem and the associated model

Physical problem and associated model

Schrodinger-Poisson system perturbed by a confinement potential
and a strong uniform magnetic potential :
i0,WE = (iV — A%)2WE + VEWE 4 Voue,
v L, (lwepP) .
4r\/|x|? + 22

x = (x1,x2) € R? et z € R are the transport and confinement
directions respectively.

Strong and uniform magnetic field : B¢ey, where B > 0 is fixed.
Associated magnetic potential A® : we choose the gauge A°(z) =
Bgzel.
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B
Scale of the Magpnetic field : B® = 2 with B > 0.
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Scale of the Confinement potential : VZ(z) = — Ve(=).

™
™

Confinement assumption :

V. is assumed to be even, positive and smooth such that :

Ve(z) — +o0.

|z|—00
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The physical problem and the associated model

Scale of the confinement and magnetic field

B
Scale of the Magpnetic field : B® = 2 with B > 0.

1
Scale of the Confinement potential : V(z) = —2VC(E).

™
™

Confinement assumption :
V. is assumed to be even, positive and smooth such that :

Ve(z) — +o0.

|z|—00

+ a gap assumption : If (E,)s>0 denote the eigenvalues of
operator —02 + B?z? 4 V,(z), we assume that

Iy >0, Vn,m>0, n#m, |E,— E,| >~ >0.
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Mathematical background

State of Art

@ Schrodinger-Poisson system :
Brezzi, Markowich '91, lliner, Zweifel, Lange '94, Castella '97

@ Stationary Schrodinger-Poisson system :
Ben Abdallah '00, Nier '90, '93

© Schrodinger-Poisson system confined along a plane : Pinaud
'03, Ben-Abdallah, Méhats, Pinaud '05, Stage de M2 de F.F

@ Time Averaging for the nonlinear Schrodinger equation :
Ben-Abdallah, Castella, Méhats '08
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In order to observe the system at the gas scale, we rescale the

variables :
~ - - V4
t=1t X=x, Z=—.
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Rescaling

Rescaling : the initial system

In order to observe the system at the gas scale, we rescale the

variables :
~ - - V4
t=1t X=x, Z=—.
€

Which leads to the new initial system :

2iB 1
i00° = —Dxt)® = “Z2000° + S H + VoY,
where
H, = 02 + B?2? + V(2)
and
€ _ 1 ” | 5‘2

/X + 222
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The Poisson non-linearity

The asymptotic obtained for the solution V¢ of the Poisson
equation as ¢ tends to 0 gives :

1
\/(t’,X7 Z) ~ W(t,X) - 4-7T|X’ *x /]; ’wg(tv'azl)FdZ/
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The Poisson non-linearity

The Poisson non-linearity

The asymptotic obtained for the solution V¢ of the Poisson
equation as ¢ tends to 0 gives :

1
\/(t’,X7 Z) ~ W(t,X) - 4-7T|X’ *x /]; ’wg(tv'azl)FdZ/

The B=0 case : The Schrodinger-Poisson system confined on the
plane :

1
i3t¢€ = —Ax¢€ + 72sz€ + VEI/JE
€
We filter out by e/ . ¢¢(t, x, z) = etHz/*y(t, x, z) satisfies
iat¢€ - _A ¢5 + e—itHZ/fs2 VseitHz/a2¢€
= —A, .
It converges towards the limit model :

i0:p = —Dxp+ Wo
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The Poisson non-linearity

Results for the B = 0 case

@ Ben Abdallah, Méhats, Pinaud, '05 : L2 convergence result for
an initial datum polarized on an eigenmode of the operator

82
—o2 + Ve



Introduction
ooe

The Poisson non-linearity

Results for the B = 0 case

@ Ben Abdallah, Méhats, Pinaud, '05 : L2 convergence result for
an initial datum polarized on an eigenmode of the operator
82
572 + VE(z).
@ F.F under direction of F. Méhats : L? convergence result
extended to any initial datum bounded uniformly in € in the
energy space.
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Asymptotic model

On the way to the asymptotic model...

Back to the initial system :

2iB
i0)° = — D — L 200" + 5 L Ht + Ve,

It can therefore be apprOX|mated by :
i0p)° = =AY — 72311#5 +2 Hz¢€ + Wys,

Now, both operators —A, and W commute with H,. Filtering by
e/tM:/2 in the intermediate model :

(ﬁa(t,x, Z) — eitHz/82¢€(t,X, Z)
satisfies the filtered model

/at¢€ — 2B ItHz/E fitHz/€2(_i81¢€) - Ax¢€ + W¢€.
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© Time averaging and main results
@ Second order averaging
@ Main theorem
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Second order averaging

Second order averaging

Let us introduce
7 — f(7)u = 2Be' ™z ze7"TH:(_j9 1) and g(u) = —Aut+W(u)u.
¢° satisfies the following ODE :

' (£) = F()(0) + & (1)
=2 (F5) = ) y(0)+ 2Py + 8((0)

where f°u = limr_. + fOT f(s)uds.
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Second order averaging

Second order averaging

Let us introduce
7 — f(7)u = 2Be' ™z ze7"TH:(_j9 1) and g(u) = —Aut+W(u)u.
¢° satisfies the following ODE :

' (£) = F()(0) + & (1)
1

= (f(giz) - f°) y(t) + %fc’y(t) +&(y(1))-

where f°u = limr_. + fOT f(s)uds.

Duhamel’s formula :

10 ==t [ (1) - ) o) [ etroas— [y

€ g2
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Second order averaging

Let us introduce
7 — f(7)u = 2Be' ™z ze7"TH:(_j9 1) and g(u) = —Aut+W(u)u.
¢° satisfies the following ODE :

. 1t
iy'(t) =_f(Zh(t

3

where f°u = limr_. + fOT f(s)uds.
Duhamel’s formula :

10 ==t [ (1) - ) o) [ etroas— [y

Key Idea : Replace £ [ (f(%) — £°) y(s)ds by a sum of terms
1

that are not of order O(3)
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Second order averaging

Second order averaging

Let us introduce
7 — f(7)u = 2Be' ™z ze7"TH:(_j9 1) and g(u) = —Aut+W(u)u.
¢° satisfies the following ODE :

. 1t
iy'(t) =_f(Zh(t

3

where f°u = limr_. + fOT f(s)uds.
Duhamel’s formula :

y0=n-t [ (13- fO) v [ strishas—" [ royts)as

Key Idea : Replace £ [ (f(5) — £°) y( )ds by a sum of terms
1

that are not of order O( ) and care about — fo foy(s)ds.
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Second order averaging

Consider F(t)u = [, (f(s) — f°)uds, then :
SFGWE) = 5 (5 - ) vio) + AP,
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Second order averaging

IPP

Consider F(t)u = [, (f(s) — f°)uds, then :

+ ieF(5)e(y(s)) + iF(5)Fy(s)



Consider F(t)u = [, (f(s) — f°)uds, then :
1

% [ FEE)] = % ()~ ) v + FCEH Y

and finally, if F1(s)u = F(s) (f(s) — f°)u:
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Second order averaging

Convergence towards the asymptotic model

K0 =+ [ P =i [ eb9)ds
— R+ = [ F(elrs)ds
t s, it
+/0 F(?)f y(s)ds—g'/0 f°y(s)ds.

Step 1 : The f° term.
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Second order averaging

Convergence towards the asymptotic model

Step 1 : The f° term.
Step 2 : Estimates for ieF(%)y(t) and ¢ [y F(5)g(y(s))ds.
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Second order averaging

Convergence towards the asymptotic model

t s . i t .
—I-/O F(g—z)f y(s)ds—é_/0 f°y(s)ds.
Step 1 : The f° term.

Step 2 : Estimates for icF(%)y(t) and 5f0

(5)g(y(s))ds.
Step 3 : Asymptotic of the term fo f1(%)y(s)ds.
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Second order averaging

Convergence towards the asymptotic model

Direct computations give, if apg = (zXp, Xq) :

—It (Em—En) _ 1
= 282 Z amn _E, O1YmXn-
n>0 m>0

1 T 2B efiT(EnfEm) _

— f(t)ydt = — 8 0.
T/O ( )y T Z amn E, —E, 1YnXm :oo

m#n
—lt (Em—En) _ 1

fL(t)y = = —4iB? Z Z Z Amndmr——F———F—— E e t(Er— Em)a2yrxn

m>0 n#m r#m
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Second order averaging

Convergence towards the asymptotic model

Direct computations give, if apg = (zXp, Xq) :

—It (Em—En) _ 1
= 282 Z amn _E, O1YmXn-
n>0 m>0

1 T 2B efiT(EnfEm) _

— f(t)ydt = — 8 0.
T/O ( )y T Z amn E, —E, 1YnXm :oo

m#n
—lt (Em—En) _ 1

fL(t)y = = —4iB? Z Z Z Amndmr——F———F—— E e t(Er— Em)a2yrxn

m>0 n#m r#m
Key arguments :
Q@ Vn >0, an, = (zxn, Xn) = 0 because V. is even



Time averaging and main results
0000®0

Second order averaging

Convergence towards the asymptotic model

Direct computations give, if apg = (zXp, Xq) :

—It (Em—En) _ 1

= 282 Z amn _E, 8lmen-
n>0 m>0
1 T 2B efiT(EnfEm) _
— f(t)ydt = — 8 0.
T/O (t)y T g amn E _E, 1YnXm :oo
m#n

—lt (Em—En) _ 1

ft ( = —4iB? Z Z Z Amndmr—fF £ E, 7lt(Er Em)a2}/an

m>0 n£m r#£m
Key arguments :
Q@ Vn >0, an, = (zxn, Xn) = 0 because V. is even
@ Small denominators E,, — E,, seem to appear. But, the
confinement assumption garanties that
Iy >0, Vn,m, |E, — E,| >~ >0.
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Second order averaging

Convergence towards the asymptotic model

Step 1: f°=0

A0 =+ [ P =1 [ el(s)as

t S

— R+ < [ F(elvs)ds
+ [ FErveas =L [ rys)es

0
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Second order averaging

Convergence towards the asymptotic model

Step 2 : ieF(%)y(t) and € [, F(5)g(y(s))ds go to 0.

K0 =+ [ P =i [ eb9)ds
- RS+ [ F(Sels)ds
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Second order averaging

Convergence towards the asymptotic model

Step 3 : Asymptotic of the term [ fl(e%)y(s)ds :

[ i — eSS 5 [ st

n>0 m#n

Y(8) = yoi / 18255 £ Ry nadsi [ e(y(s))ds

n>0 m#n
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Statement of the main theorem

Under the above confinement assumptions, for a given initial
datum 5 uniformly bounded in the energy space

By = {uc HY(R?), VVeu € L2(RY)},
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Statement of the main theorem

Under the above confinement assumptions, for a given initial
datum 5 uniformly bounded in the energy space

By = {u € HY(R3), /Vou € [2(R3)},
if o =3, ©nXxn Where the (¢,) satisfy :

Vn >0, iOwpn =—(1— 48204,,)6%@,, — 3%90,, + Wy,

<ZXp7Xn>2
Vn>0, =) —opAnT
O
p#n
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Main theorem

Statement of the main theorem

Under the above confinement assumptions, for a given initial
datum 5 uniformly bounded in the energy space

= {ve H'(R?), VVcu e [(R?)},

if o =3, ©nXxn Where the (¢,) satisfy :

Vn >0, iOwpn =—(1— 48204,,)6%@,, — 3%90,, + Wy,

<ZXp7Xn>2
Vn>0, =) —opAnT
O
p#n

Then, the following convergence estimate holds locally in time :

Ve(t, x, z) Ze ’tE”/E a(t,x)xn(2)|| —0.

>0 e—0
n> B
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Adapted functional framework

Scale of adapted functional spaces

The natural scale of functional spaces adapted to the positive
self-adjoint operators —A, and H, is made of the B,, spaces
defined for any positive real number m by :

e )
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self-adjoint operators —A, and H, is made of the B,, spaces
defined for any positive real number m by :

B™ .= {u e 12(R3), AP?u e 1X(R?), HTu e L2(R3)}.
They form a scale of Hilbert spaces for the following norm :
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Adapted functional framework

Scale of adapted functional spaces

The natural scale of functional spaces adapted to the positive
self-adjoint operators —A, and H, is made of the B,, spaces
defined for any positive real number m by :

B™ .= {u e 12(R3), AP?u e 1X(R?), HTu e L2(R3)}.
They form a scale of Hilbert spaces for the following norm :
2 2 2
lullgm = lulfaqgey + 1872 ulFaqgsy + 1HE 2 ulFa gy

Using the Weyl-Hormander calculus, (see BACM) it is equivalent
to the norm :

lalZ ~ ulZmgesy + (Vez) + B222)™ 202y,
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Asymptotics for the Poisson kernel

In order to justify the approximation of the initial system by the
system where the Poisson kernel V¢ is replaced by W, we need to
precise the asymptotic behavior of the Poisson kernel :

1
Vitm2) - W) = g | (e 2P
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Asymptotics for the Poisson kernel

In order to justify the approximation of the initial system by the
system where the Poisson kernel V¢ is replaced by W, we need to
precise the asymptotic behavior of the Poisson kernel :

1 5 N2 /
t,- d.

47T|X’ *X/R’w ( ) 7Z)| z

In that view we state : Consider ¢ € B2, then , if we define

1

Am\/|x|? + €222

2
47r\x] </\1bxz |dz)

there exists n < 1 such that :

V(t,x,z) ~ W(t,x) =

Vi(x,2) = * [y

and
W(x,z) =

Ve — Wil g1 < Ce¥ 013

where C does not depend on .
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We use a regularization procedure, and, in that view, we state a
local-in-time B™ estimate for an initial datum 5 uniformly
bounded in B™ and a positive even integer m.
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We use a regularization procedure, and, in that view, we state a
local-in-time B™ estimate for an initial datum 5 uniformly
bounded in B™ and a positive even integer m.

In that purpose, we need a tame estimate for both non-linearities
Ve and W and a local-in-time B! estimate.
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A priori local in time estimates

B™ estimates

We use a regularization procedure, and, in that view, we state a
local-in-time B™ estimate for an initial datum 5 uniformly
bounded in B™ and a positive even integer m.

In that purpose, we need a tame estimate for both non-linearities
Ve and W and a local-in-time B! estimate.

B™ local-in-time estimate

For € small enough, consider an initial datum %5 uniformly
bounded in € in B™(R3). Then, there exists T > 0 and a positive
real constant C > 0 independent of ¢ such that :

Vt € (Oa T)a ||¢€(ta ')HBm <C
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Global in time estimates

In order to get global in time estimates, we deduce from the energy
estimates

> (1 4B2n)[|01¢nla(gay + 1020nllF2(rz) < €
n>0

where C does not depend on ¢.
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In order to get global in time estimates, we deduce from the energy
estimates :
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where C does not depend on ¢.

In the harmonic case, i.e V(z) = o222, then :
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Global in time estimates

In order to get global in time estimates, we deduce from the energy
estimates :

Z(l - 4B2O‘n)||8190n||%2(]1§2) + ||a290n||%2(R2) <C
n>0
where C does not depend on ¢.

In the harmonic case, i.e V.(z) = o222, then :
B2

2 _
VnZO, 4B an—m.

Therefore,

a2

2. _
anO, 1-4B an—m.



Global in time estimates

In order to get global in time estimates, we deduce from the energy
estimates :

> (1 4B2n)[|01¢nla(gay + 1020nllF2(rz) < €
n>0

where C does not depend on ¢.
In the harmonic case, i.e V.(z) = o222, then :

Vn >0, 4B%a, = 872
- ) n — O[2 + Bz‘
Therefore,
2 a?
Yn>0,1—-4B a":7a2+82'

What is remarkable here is :
@ The fact that 1 — 4B%q, does not depend on n : the effective
mass is the same for any energy level.



Global in time estimates

In order to get global in time estimates, we deduce from the energy
estimates :

> (1 4B2n)[|01¢nla(gay + 1020nllF2(rz) < €
n>0

where C does not depend on ¢.
In the harmonic case, i.e V.(z) = o222, then :

Vn >0, 4B%a, = 872
- ) n — O[2 + Bz‘
Therefore,
2 a?
Yn>0,1—-4B a":7a2+82'

What is remarkable here is :
@ The fact that 1 — 4B%q, does not depend on n : the effective
mass is the same for any energy level.
@ The fact that Vn > 0, 1 — 4B%«, > 0. Indeed, it allows us to
get global in time estimates in H*(R3).
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To go further in this work, we try to get global estimates for
confinement potential that are not exactly harmonic, for example
confinement potential that are perturbations of the harmonic one,
of form

Ve(z) = a?2% + g(2).



Conclusion and perspectives

To go further in this work, we try to get global estimates for
confinement potential that are not exactly harmonic, for example
confinement potential that are perturbations of the harmonic one,
of form

Ve(z) = a?2% + g(2).

In that case, the g function has to satisfy the above confinement
assumptions : it has to be even and we have to keep the gap we
had between two eigenvalues E, and E,,, n # m.
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